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ABSTRACT 
EFFECTS OF OXYGEN DEMAND ON SURFACE REAERATION 
An ex t ens ive  l i t e r a t u r e  review is p r e sen t ed  p o i n t i n g  o u t  t h a t  
t h e  t r a n s p o r t  o r  d i f f u s i o n  of d i s so lved  oxygen i n  t h e  t h i n  r e g i o n  o r  f i l m  
immediately below t h e  wa t e r  s u r f a c e  i s  t h e  most c r i t i c a l  r e g i o n  i n  d e t e r -  
mining t h e  oxygen abso rp t i on  r a t e .  L i t e r a t u r e  on t h e  e f f e c t s  of sodium 
s u l f i t e  and biochemical  oxygen demand (BOD) i s  a l s o  reviewed. 
The s u r f a c e  f i l m  is a c t u a l l y  an  oxygen boundary l a y e r .  Th is  
concept  i s  suppor ted  by t h e  d e f i n i t i o n  of a boundary l a y e r ,  by r e a e r a t i o n  
exper iments ,  and by analogy w i t h  o t h e r  mass and h e a t  t r a n s f e r  problems. 
Thus, i t  should  be  expected t h a t  t h e  f i l m  o r  boundary l a y e r  t h i cknes s  
changes w i t h  Schmidt number a s  w e l l  a s  mixing cond i t i ons  and t h a t  t h e  
t r a n s p o r t  through t h e  f i l m  can be  r ep r e sen t ed  by a  d i f f u s i o n  model., as 
i n  o t h e r  boundary l a y e r  problems. Temperature measurements were made t o  
a l l ow  t h e  c a l c u l a t i o n  of t h e  d i f f u s i o n  c o e f f i c i e n t  i n  t h e  thermal  boundary 
l a y e r  o r  f i l m  i n  a s i t u a t i o n  analogous t o  t h e  r e a e r a t i o n  problem. The 
r e s u l t s  i n d i c a t e  t h a t  t h e  d i f f u s i o n  c o e f f i c i e n t  i s  approximately  equa l  t o  
t h e  molecular  d i f f u s i v i t y  even when t u rbu l ence  i s  p r e s e n t .  
Using t h e  boundary l a y e r  and d i f f u s i o n  model, a n a l y t i c a l  so lu-  
t i o n s  are p re sen t ed  f o r  t h e  v e r t i c a l  concen t r a t i on  d i s t r i b u t i o n  bo th  i n  
t h e  t u r b u l e n t  f i l m  and below t h e  f i l m  f o r  va r i ous  s i t u a t i o n s  i nvo lv ing  
no oxygen demand, s u l f i t e ,  o r  BOD. The s o l u t i o n s  s u b s t a n t i a t e  t h a t  t h e  
concen t r a t i on  d i s t r i b u t i o n  i s  e s s e n t i a l l y  l i n e a r  i n  t h e  f i l m  even i n  t he  
uns teady  a b s o r p t i o n  problem both  w i t h  no oxygen demand and w i t h  BOD. The 
degree  of approximat ion invo lved  i n  making c e r t a i n  s imp l i fy ing  assumptions  
i s  demonstra ted.  The s o l u t i o n s  show t h a t  t h e  oxygen demand p e r  s e  of t h e  
BOD does  n o t  a f f e c t  t h e  abso rp t i on  r a t e ,  b u t  t h e  p o s s i b i l i t y  i s  l e f t  open 
f o r  o t h e r  e f f e c t s ,  such a s  p h y s i c a l  i n f l u e n c e s ,  t o  a f f e c t  t h e  a b s o r p t i o n  
r a t e .  The s o l u t i o n s  f o r  t h e  e f f e c t s  of s u l f i t e  i n  i n c r e a s i n g  t h e  absorp- 
t i o n  r a t e  a r e  i n  g e n e r a l  agreement w i th  a v a i l a b l e  d a t a .  
Experiments were performed a t  2°C and a t  20°C t o  e v a l u a t e  t h e  
e f f e c t s  of BOD on r e a e r a t i o n  r a t e s .  For bo th  t empera tures ,  t h e  r e a e r a t i o n  
rates were about  1 . 5  t imes t h e  r a t e  f o r  pu re  wa t e r .  S ince  b i o l o g i c a l  
a c t i v i t y  is  almost  non-exis tent  a t  2OC, t h e  i n c r e a s e  must have been due 
t o  t h e  p h y s i c a l  p resence  of t h e  organisms. 
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CHAPTER 1 
INTRODUCTION 
There  i s  an i n c r e a s i n g  need f o r ,  and an  i n c r e a s i n g  demand f o r ,  
t h e  r e d u c t i o n  of s t r e a m  p o l l u t i o n .  Stream p o l l u t i o n  t a k e s  many forms 
i n c l u d i n g  b i o l o g i c a l  w a s t e s ,  chemical  w a s t e s ,  t r a s h ,  and was te  h e a t .  I n  
connec t ion  w i t h  b i o l o g i c a l  was tes  and some t y p e s  of chemical. w a s t e s ,  
disso1;ed oxygen i s  one of t h e  r e s o u r c e s  which i s  needed i n  t h e  p r o c e s s  
of s t r e a m  s e l f - p u r i f i c a t i o n .  Thus, i n  a n a l y z i n g  t h e  w a s t e  a s s i m i l a t i o n  
c a p a c i t y  of a  s t r e a m ,  i t  i s  g e n e r a l l y  n e c e s s a r y  t o  b e  a b l e  t o  p r e d i c t  
t h e  oxygen r e s o u r c e s ,  i n c l u d i n g  t h e  r a t e  of r e a e r a t i o n ,  i . e .  t h e  r a t e  
a t  which oxygen i s  absorbed from t h e  atmosphere.  
It i s  common t o  u s e  e i t h e r  a  r e a e r a t i o n  c o e f f i c i e n t  (K ) o r  2 
a  l i q u i d  f i l m  c o e f f i c i e n t  (5) i n  a n a l y z i n g  r e a e r a t i o n .  The r e a e r a t i o n  
c o e f f i c i e n t  i s  used i n  an e q u a t i o n  such a s  [ P h e l p s ,  19441. 
where D i s  t h e  oxygen d e f i c i t ,  t i s  t ime ,  and R i s  used h e r e  a s  a  g e n e r a l  
term t o  r e p r e s e n t  t h e  r a t e  a t  which oxygen i s  u t i l i z e d  p e r  u n i t  mass. I f  
R i s  z e r o  (no oxygen u t i l i z a t i o n ) ,  then  t h e  well-known s o l u t i o n  f o r  Eq. 1.1 
under t h e  i n i t i a l  c o n d i t i o n  of D = D a t  t = 0  i s  
0 
where k  = K2/2.30. The v a l u e  of K depends,  among o t h e r  t h i n g s ,  on t h e  2 2 
t u r b u l e n c e  l e v e l  i n  t h e  w a t e r  and on t empera tu re .  The dependence on turbu-  
l e n c e  i s  d i s c u s s e d  i n  Chap. 2.  It i s  commonly accep ted  t h a t  t h e  t empera tu re  
dependence of K may b e  r e p r e s e n t e d  by t h e  e q u a t i o n  2 
where T  i s  tempera tu re  i n  degrees  c e n t i g r a d e  and 0 h a s  a  numer ica l  v a l u e  of 
about  1.005 t o  1.030 depending on t h e  mixing l e v e l  i n  t h e  w a t e r  [Metzger ,  
1968 I .  
I n  Eq. 1.1 and e q u a t i o n s  d e r i v e d  from i t  (e .g .  Eq. 1 . 2 ) ,  D 
i s  g e n e r a l l y  cons idered  t o  b e  t h e  average  d e f i c i t  a t  a  c r o s s  s e c t i o n  
i n  a  r i v e r  and t i s  taken  as f low t i m e ,  o r  l o n g i t u d i n a l  d i s t a n c e  d i v i d e d  
by average  v e l o c i t y .  It i s  p r o b a b l e  t h a t  e q u a t i o n s  such a s  t h i s ,  i . e .  
e q u a t i o n s  f o r  t h e  average  d e f i c i t  o r  c o n c e n t r a t i o n ,  w i l l  c o n t i n u e  t o  b e  
used i n  e n g i n e e r i n g  work. However, i n  o r d e r  t o  o b t a i n  a  b e t t e r  under- 
s t a n d i n g  of t h e  mechanisms a f f e c t i n g  t h e  r e a e r a t i o n ,  i t  i s  d e s i r a b l e  t o  
look a t  t h e  d e t a i l s  of t h e  v e r t i c a l  t r a n s p o r t  of d i s s o l v e d  oxygen w i t h i n  
t h e  c r o s s  s e c t i o n .  T h i s  l a t t e r  approach i s  used i n  t h e  m a j o r i t y  of t h i s  
r e p o r t .  
It i s  common p r a c t i c e  t o  o b t a i n  e m p i r i c a l  v a l u e s  of r e a e r a t i o n  
rate c o e f f i c i e n t s  from l a b o r a t o r y  and f i e l d  exper iments  w i t h  w a t e r  having 
no oxygen demand and t o  u s e  t h e s e  v a l u e s  f o r  p r e d i c t i n g  r e a e r a t i o n  i n  
streams which have oxygen demand. The q u e s t i o n  a r i s e s  concerning t h e  
p o s s i b l e  i n f l u e n c e  of t h e  oxygen demand on t h e  mechanics invo lved  i n  
r e a e r a t i o n  and on t h e  v a l u e  of t h e  rate c o e f f i c i e n t s .  It i s  t h e  purpose  
of t h i s  r e p o r t  t o  i n v e s t i g a t e  t h i s  q u e s t i o n  on t h e  b a s i s  of t h e   liter^ 
a t u r e  and a n a l y t i c a l  and exper imenta l  r e s e a r c h .  Two b a s i c  t y p e s  of oxygen 
demand a r e  c o n s i d e r e d ,  namely t h a t  hav ing  a n  ex t remely  r a p i d  r e a c t i o n  r a t e  
w i t h  oxygen ( c h a r a c t e r i z e d ,  f o r  example, by sodium s u l f i t e )  and t h a t  
having an  extremely slow r e a c t i o n  r a t e  ( c h a r a c t e r i z e d  by b iochemica l  
oxygen demand, BOD) .  I n  a d d i t i o n  t o  t h e  oxygen demand i t s e l f ,  p o l l u t a n t s  
may cause  o t h e r  e f f e c t s  such as p h y s i c a l  i n t e r f e r e n c e  w i t h  oxygen t r a n s f e r  
a t  t h e  i n t e r f a c e .  
The work r e p o r t e d  h e r e i n  i s  concerned p r i n c i p a l l y  w i t h  s u r f a c e  
a e r a t i o n ,  o r  oxygen t r a n s f e r  a c r o s s  t h e  n a t u r a l  f r e e  s u r f a c e .  However, 
much of t h e  work i s  a l s o  a p p l i c a b l e  t o  bubble  a e r a t i o n  and t o  t h e  
t r a n s f e r  of gases  of low s o l u b i l i t y  o t h e r  t h a n  oxygen. 
CHAPTER 2 
DISCUSSION OF SOME PREVIOUS WORK 
2.1) FILM THEORY 
Film theory  r e p r e s e n t s  one of t h e  a n a l y t i c a l  approaches  t h a t  
h a s  been used t o  s t u d y  t h e  a b s o r p t i o n  of g a s e s  i n t o  t u r b u l e n t  w a t e r .  
This  concept  was p r e s e n t e d  by Whitman [I9231 and by Lewis and Whitman 
[1924] .  S i n c e  oxygen has  low s o l u b i l i t y  i n  w a t e r ,  t h i s  theory  s t a t e s  
t h a t  t h e  r a t e  of a b s o r p t i o n  i s  c o n t r o l l e d  by t h e  r a t e  of d i f f u s i o n  
through a wate r  f i l m  a t  t h e  f r e e  s u r f a c e .  The s o - c a l l e d  "f i lm" i s  n o t  
a  p h y s i c a l  f i l m .  Rather  i t  i s  on ly  a  t h i n  r e g i o n  i n  t h e  w a t e r  immedi- 
a t e l y  below t h e  f r e e  s u r f a c e .  For oxygen, t h e  r e s i s t a n c e  t o  t r a n s f e r  
through t h e  gas  f i l m  i s  n e g l i g i b l e ,  s o  t h a t  t h e  d i s s o l v e d  oxygen a t  t h e  
f r e e  s u r f a c e  i s  e s s e n t i a l l y  i n  e q u i l i b r i u m  w i t h  t h e  a tmosphere ,  and t h e  
c o n c e n t r a t i o n  a t  t h e  i n t e r f a c e  i s  t h e  s a t u r a t i o n  c o n c e n t r a t i o n ,  c  . T h i s  
s 
argument would seem t o  b e  r e a s o n a b l e  i n  view of t h e  work of ~ i y a m o t o  
[I9311 who showed t h a t  t h e  r a t i o  between t h e  number of oxygen molecules  
going i n t o  s o l u t i o n  and t h e  number h i t t i n g  t h e  f r e e  s u r f a c e  i s  on t h e  
o r d e r  of f o r  maximum a b s o r p t i o n  r a t e s  under  normal c o n d i t i o n s .  
Looking a t  i t  a n o t h e r  way, t h e  t i m e  r e q u i r e d  f o r  a newly c r e a t e d  s u r f a c e  
- 7 t o  become s a t u r a t e d  i s  on t h e  o r d e r  of 1 0  s e c  [Pasveer ,  19531. I n  
f i l m  t h e o r y ,  t u r b u l e n c e  i s  assumed t o  keep t h e  wa te r  w e l l  mixed below 
t h e  f i l m  s o  t h a t  t h e  c o n c e n t r a t i o n  i s  uniform everywhere e x c e p t  i n  t h e  
f i l m .  Thus, through t h e  t h i n  f i l m ,  a  s t e e p  c o n c e n t r a t i o n  g r a d i e n t  
e x i s t s ,  and t h e  c o n c e n t r a t i o n  d i s t r i b u t i o n  i s  a s  d e p i c t e d  i n  F i g .  2 .1 .  
Lewis and Whitman assumed t h a t  t h e  t r a n s p o r t  through t h e  f i l m  
was s o l e l y  by molecu la r  a c t i o n  and t h e r e f o r e  fol lowed F i c k ' s  f i r s t  law 
[Bi rd  e t  a l ,  19601. Assuming t h e  c o n c e n t r a t i o n  d i s t r i b u t i o n  t o  b e  l i n e a r  
through t h e  f i l m  of t h i c k n e s s  6 ,  F i c k ' s  law f o r  t r a n s p o r t  through t h e  f i l m  
may b e  w r i t t e n  a s  
* 
where q  i s  t h e  r a t e  of mass t r a n s p o r t  through t h e  a r e a  A, D i s  t h e  molec- 
* 
u l a r  d i f f u s i v i t y ,  and C i s  t h e  c o n c e n t r a t i o n  below t h e  f i l m .  (D i s  used t o  

d i s t i n g u i s h  t h e  d i f f u s i v i t y  from t h e  d e f i c i t  D .  Also,  i t  may be  noted 
t h a t  t h e  r a t e  of mass t r a n s p o r t  i s  sometimes w r i t t e n  a s  dm/dt.) 
L e t t i n g  
E q .  2 . 1  may be  w r i t t e n  a s  
The r a t e  of change of t h e  concen t r a t i on  C below t h e  f i l m  i s  r e l a t e d  t o  q by 
dC/dt = q / ~ ,  where V i s  t h e  volume of wa t e r .  Thus, Eq. 2 . 3  may a l s o  b e  
w r i t t e n  a s  
where a  = A/V. The q u a n t i t y  (%a) i s  o f t e n  t r e a t e d  a s  one c o e f f i c i e n t ,  
p a r t i c u l a r l y  i n  case  of bubbl ing a  gas  through a  l i q u i d ,  because of t h e  
d i f f i c u l t y  i n  determining t h e  a r e a .  Comparison of Eqs. 1 - 1 9  2 -39 and 2.4 
shows t h a t  
i f  h  i s  de f ined  a s  a  mean depth equa l  t o  V/A f o r  s u r f a c e  r e a e r a t i o n .  
~ b j e c k i o n s  have been r a i s e d  t o  a t  l e a s t  two assumptions i n  Lewis 
and Whitman's f i l m  theory .  One of t h e s e  assumptions was t h e  s t a g n a n t  f i l m  
a t  t h e  f r e e  s u r f a c e  of a  t u r b u l e n t  l i q u i d .  Various au tho r s  have observed 
t h a t  i t  was n o t  p h y s i c a l l y  reasonable  t o  make such an assumption.  Review 
of  t h e  paper  by Lewis and Whitman [I9241 does no t  make i t  c l e a r  whether 
they cons idered  t h e  f i l m  t o  be  p h y s i c a l l y  s t a g n a n t  o r  n o t .  I n  r e f e r r i n g  
t o  t h e  f i l m ,  they  used phrases  such a s  "a l a y e r  i n  which motion by convec- 
t i o n  is  s l i g h t  compared t o  t h a t  i n  t h e  main body" and "assuming t h e  e x i s t -  
ence of s t a t i o n a r y  f i lms . "  Thus, i t  seems t h a t  t h e  essence  of t h e i r  model 
was n o t  a  p h y s i c a l l y  s t a g n a n t  f i l m ,  b u t  r a t h e r  i t  was a  r e g i o n  i n  which 
molecu la r  d i f f u s i o n  i s  t h e  c o n t r o l l i n g  f a c t o r  i n  t h e  t r a n s p o r t  p r o c e s s .  
The second assumption which h a s  been q u e s t i o n e d  was t h a t  of a  
l i n e a r  g r a d i e n t  through t h e  f i l m .  The l i n e a r  g r a d i e n t  s t r i c t l y  cor re -  
sponds on ly  t o  a  s t e a d y  s t a t e  d i s t r i b u t i o n ,  whereas t h e  c o n c e n t r a t i o n  
benea th  t h e  f i l m  i s  c o n t i n u a l l y  changing i n  many g a s  a b s o r p t i o n  problems. 
However, Dobbins [ l956]  h a s  shown t h a t  t h e  l i n e a r  d i s t r i b u t i o n  i s  a  
r e a s o n a b l e  assumption f o r  oxygen a b s o r p t i o n  from bubbles .  The same conclu- 
s i o n  can b e  reached f o r  most cases  o f  n a t u r a l  r e a e r a t i o n  a c r o s s  a  f r e e  
s u r f a c e  by i n v e s t i g a t i o n  of t h e  unsteady s t a t e  d i f f u s i o n  e q u a t i o n .  T h i s  
a n a l y s i s  i s  p r e s e n t e d  l a t e r  i n  t h i s  r e p o r t  ( S e c t i o n  4 . 3 . 1 ) .  
2 .2)  PENETRATION AND SURFACE RENEWAL MODELS 
A s  an a l t e r n a t i v e  t o  t h e  f i l m  theory  model, Higb ie  [1935] ,  
Danckwerts [1951],  and Dobbins [1956, 1962, 19641 have p r e s e n t e d  models 
which a r e  i n  some ways r e l a t e d  t o  each o t h e r .  Each of t h e s e  mode.1~ sought  
t o  account  f o r  t h e  e f f e c t  of mixing on t h e  t r a n s p o r t  r a t e  away from t h e  
f r e e  s u r f  a c e .  
H i g b i e ' s  model f o r  t h e  r a t e  of gas  a b s o r p t i o n  was based on t h e  
assumption t h a t  t h e  whole body of w a t e r  was s t a g n a n t  f o r  s h o r t  p e r i o d s  of 
t ime and,  d u r i n g  t h e s e  p e r i o d s ,  oxygen was absorbed and d i f f u s e d  downward 
s o l e l y  by molecu la r  d i f f u s i o n .  Then, p e r i o d i c a l l y ,  t h e  w a t e r  was i n s t a n t a -  
neous ly  and complete ly  mixed. T h i s  model l e d  t o  an e q u a t i o n  which was 
e f f e c t i v e l y  t h e  same a s  Eq. 2 . 3  wi th  K g i v e n  by L  
where t '  i s  t h e  average  t i m e  between t h e  complete mixings .  ~ i g b i e ' s  devel-  
opment was summarized by Pasveer  [1953] .  Th i s  model i s  o f t e n  r e f e r r e d  t o  
a s  t h e  p e n e t r a t i o n  model. 
Danckwerts [I9511 extended H i g b i e ' s  approach by assuming t h a t  
v a r i o u s  v e r t i c a l  e lements  of t h e  w a t e r  cou ld  i n d i v i d u a l l y  undergo complete 
v e r t i c a l  mixing w i t h  d i f f e r e n t  p e r i o d s  between mixings .  He assumed t h a t  
t h e  s t a t i s t i c a l  d i s t r i b u t i o n  of t h e  mixing was d e s c r i b e d  by 
where f ( t )  i s  t h e  p r o p o r t i o n a l  p a r t  of t h e  v e r t i c a l  e lements  of wa te r  f o r  
which t h e  e l a p s e d  t ime s i n c e  t h e  l a s t  mixing i s  between t and t + d t .  The 
c o n s t a n t  r may b e  i n t e r p r e t e d  a s  t h e  average  r a t e  a t  which v e r t i c a l  mixing 
t a k e s  p l a c e .  Thus, r i s  analogous t o  l / t '  of E q .  2.6. Danckwerts'  approach 
a g a i n  l e d  t o  Eq .  2 . 3  f o r  t h e  r a t e  of t r a n s f e r  i f  K i s  g iven  by L 
Kishinevsky [I9541 devoted a lmost  an  e n t i r e  a r t i c l e  t o  r a i s i n g  
o b j e c t i o n s  t o  Danckwerts'  model. One of h i s  pr imary o b j e c t i o n s  concerned 
an assumption used i n  o b t a i n i n g  Eq. 2 .7 ,  namely t h a t  t h e  p r o b a b i l i t y  t h a t  
an  e lement  of wa te r  would b e  mixed was independent  of t h e  e l a p s e d  t ime s i n c e  
t h e  l a s t  mixing f o r  t h a t  e lement .  Other  d e t a i l e d  o b j e c t i o n s  were a l s o  pre-  
s e n t e d .  
Dobbins [1.956, 1962, 19641 used t h e  c o r ~ c e p t  of a s u r f a c e  f i l m  b u t  
p o s t u l a t e d  t h a t  t h e  w a t e r  i n  t h e  f i l m  was p e r i o d i c a l l y  mixed w i t h  w a t e r  from 
below t h e  f i l m .  I n  a s e n s e ,  t h i s  w a s  a combinat ion of f i l m  t h e o r y  and 
Danckwerts'  work. Dobbins' model i s  d i f f e r e n t  from Danckwerts'  model i n  
t h a t  i t  p l a c e s  a l i m i t  ( t h e  f i l m  t h i c k n e s s )  on t h e  depth  t o  which t h e  
d i s s o l v e d  gas  may move by molecu la r  d i f f u s i o n .  The r e g i o n  below t h e  f i l m  
was assumed t o  b e  uniformly mixed a t  a l l  t imes  w h i l e  new s u r f a c e  f i l m  was 
c o n t i n u a l l y  be ing  c r e a t e d  and then  removed. I t  was assumed t h a t  on ly  molec- 
u l a r  d i f f u s i o n  t a k e s  p l a c e  w h i l e  a g iven  p a r c e l  of w a t e r  i s  i n  t h e  f i l m .  
Dobbins a l s o  assumed t h a t  v a r i o u s  p a r t s  of t h e  f i l m  were mixed o r  "renewed" 
a t  a r a t e  such t h a t  Eq. 2.7 d e s c r i b e d  t h e  d i s t r i b u t i o n  of t imes  ( o r  ages )  
s i n c e  t h e  l a s t  renewal  w i t h i n  t h e  f i l m .  Thus,  mathemat ica l ly  t h e  on ly  
d i f f e r e n c e  from ~ a n c k w e r t s '  work w a s  t h e  lower boundary cond i t ioned  used 
f o r  t h e  d i f f u s i o n  equa t ion .  For a f i l m  of t h i c k n e s s  6 ,  he  showed [I9561 
t h a t  t h e s e  assumptions  l e a d  t o  
A s  t h e  s u r f a c e  renewal  r a t e  r approaches  z e r o ,  KL of Eq .  2.9 approaches  
E q .  2 .2 ,  w h i l e  f o r  l a r g e  r ,  E q .  2.9 approaches  E q .  2.8. 
Dobbins [1962, 19641 conducted some exper iments  t o  a l low c a l c u l a -  
t i o n  of r and 6 f o r  a l a b o r a t o r y  mixing appa ra tu s .  Absorpt ion r a t e s  of 
helium and n i t r o g e n  were determined f o r  wate r  which was be ing  mixed by a 
v e r t i c a l l y  o s c i l l a t i n g  s t a c k  of me t a l  g r i d s .  By determining t h e  v a l u e s  of 
* 
K f o r  t h e  two gases  and knowing v a l u e s  of D i t  was p o s s i b l e  t o  c a l c u l a t e  L m ' 
va lue s  of  r and 6 by assuming t h a t  t h e s e  two parameters  depended only on 
t h e  mixing cond i t i on .  It w a s  found t h a t  va lue s  of r and 6 could be cor re -  
l a t e d  t o  parameters  de sc r i b ing  t h e  o s c i l l a t i o n  of t h e  me t a l  g r i d s .  A s  
would 'be expec ted ,  r i n c r e a s e d  and 6 decreased  a s  t h e  speed of o s c i l l a t i o n  
(a )  of t h e  g r i d s  w a s  i nc r ea sed .  However, t h e  changes which were found f o r  
r a r e  d i f f i c u l t  t o  unders tand ,  r e c a l l i n g  t h a t  r i s  e f f e c t i v e l y  t h e  average 
r a t e  a t  which t h e  s u r f a c e  f i l m  i s  renewed. For a a of 1 8  rpm, r was ca l cu l a -  
t e d  t o  b e  0 ,171  p e r  min, w h i l e  f o r  a = 196 rpm, r was 3780 p e r  min f o r  t h e  
same ampli tude of s c r e e n  motion.  It i s  t r u e  t h a t  r should  i n c r e a s e  a s  a 
i n c r e a s e s ,  b u t  i t  i s  d i f f i c u l t  t o  conceive t h a t  i n c r e a s i n g  o by a f a c t o r  
of about  11 would have changed t h e  c h a r a c t e r i s t i c s  of t h e  mixing . t o  such 
an e x t e n t  t h a t  r would be  i nc r ea sed  by a f a c t o r  g r e a t e r  than  20,000. The 
problem i s  n o t  n e c e s s a r i l y  i n  t h e  s u r f a c e  renewal concept p e r  s e ,  b u t  r a t h e r  
i t  may be  i n  tlie assumed renewal d i s t r i b u t i o n  (Eq. 2.7) o r  i n  t h e  assumption 
t h a t  6 and r a r e  t h e  same f o r . b o t h  gases .  The dependence of t h e  f i l m  th i ck -  
ne s s  on Schmidt number i s  d i s cus sed  i n  Chap. 3.  
* 
A l l  of t h e s e  models i n d i c a t e  a dependence of \ on D . Thus, they  
m 
may be  i ncapab l e  of r e p r e s e n t i n g  gas  t r a n s f e r  a t  extremely h igh  mixing r a t e s .  
Kishinevsky and Serebryansky [It9561 have p r e sen t ed  exper imenta l  r e s u l t s  i n d i -  
* 
eating t h e  same va lue s  of \ f o r  gases  w i t h  d i f f e r e n t  Dm v a l u e s  under h igh  
* 
mixing cond i t i ons .  For t h e s e  t e s t s ,  K appa ren t l y  was independent  of D . L m 
2.3) EMPIRICAL EQUATIONS 
There have been s e v e r a l  i n v e s t i g a t o r s  who used e i t h e r a  t o t a l l y  
emp i r i c a l  o r  a p a r t i a l l y  e m p i r i c a l  approach i n  a t t emp t ing  t o  r e l a t e  r e ae r a -  
t i o n  c o e f f i c i e n t s  t o  mean flow parameters  (e .g .  S t r e e t e r  and Phelps  [1925],  
O'Connor and Dobbins [1958] ,  Chu rch i l l  e t  a 1  119621, and Krenkel and Orlob 
[1963] ) .  Only one such p u b l i c a t i o n  i s  mentioned e x p l i c i t l y  h e r e ,  namely 
t h e  work of Thackston and Krenkel [1969].  They cons idered  t h e  gene ra l  
dependence of r e a e r a t i o n  on t u r b u l e n t  d i f f u s i o n  i n  o r d e r  t o  o b t a i n  the 
h y d r a u l i c  parameters  t o  which K was c o r r e l a t e d .  From b o t h  l a b o r a t o r y  and 2 
f i e l d  d a t a ,  they ob t a ined  t h e  exp re s s ion  
where g  i s  t h e  g r a v i t a t i o n a l  a c c e l e r a t i o n ,  S  i s  t h e  energy s l o p e ,  h  i s  t h e  
mean dep th ,  and U i s  t h e  mean v e l o c i t y .  The Froude number u /@ was inc luded  
t o  account  f o r  changes i n  t h e  s u r f a c e  a r e a  due t o  waves. They i n d i c a t e d  t h a t  
t h i s  equa t i on  gave a  b e t t e r  o v e r a l l  f i t  t o  t h e  d a t a  than  t h e  o t h e r  g e n e r a l l y  
used equa t i ons .  
2 .4)  SODIUM SULFITE 
Some of t h e  p a s t  work r e l a t i n g  t o  sodium s u l f i t e  and i t s  use  i n  
a e r a t i o n  equipment i s  reviewed i n  t h i s  s e c t i o n .  Some of t h e  r e f e r e n c e s  
c i t e d  h e r e  r e l a t e  t o  bubble  a e r a t i o n .  
Sodium s u l f i t e  i s  o f t e n  used i n  t e s t i n g  and comparing ae r a t i on .  
equipment.  When an excess  of d i s s o l v e d ,  c a t a lyzed  sodium s u l f i t e  i s  p r e s e n t  
i n  wa t e r ,  t h e  d i s so lved  oxygen concen t r a t i on  i s  ze ro  because of t h e  r a p i d  
r e a c t i o n  between sodium s u l f i t e  (Na SO ) and oxygen t o  g i v e  sodium s u l f a t e  2  3 
(Na2S04). Thus, i t  i s  p o s s i b l e  t o  use  t h e  r a t e  of p roduc t ion  of sodium 
s u l f a t e  a s  a  measure of t h e  r a t e  of oxygen abso rp t i on .  I t  i s  known [Camp, 
19581 t h a t  t h e  p resence  of sodium s u l f i t e  i n  water  i n c r e a s e s  t h e  r a t e  of 
oxygen a b s o r p t i o n  compared t o  wate r  w i t h  no s u l f i t e .  For a  cons t an t  
i n t e r f a c i a l  a r e a ,  t h e  i n c r e a s e  can be r e l a t e d  t o  t he  s t e epen ing  of t he  
oxygen g r a d i e n t  a t  t h e  i n t e r f a c e  due t o  t h e  r e a c t i o n  wi th  t h e  oxygen. (See 
Sec t i on  4 .2 ) .  For bubble a e r a t i o n ,  t h e r e  i s  t h e  a d d i t i o n a l  f a c t o r  t h a t  
sodium s u l f i t e  may change t h e  bubble s i z e ,  and t h e r e f o r e  t h e  i n t e r f a c i a l  
a r e a ,  f o r  a  g iven  gas  f low r a t e .  
F u l l e r  and Crist  [I9411 s t u d i e d  t h e  e f f e c t  of t y p i c a l  p o s i t i v e  
and n e g a t i v e  c a t a l y s t s  (copper and manni tol )  on t h e  o x i d a t i o n  r a t e  of 
s u l f i t e  s o l u t i o n s  and found t h a t  t h e  r e a c t i o n  i s  f i r s t  o r d e r  w i th  r e s p e c t  
t o  s u l f i t e  concen t r a t i on .  With a d d i t i o n  of t h e  n e g a t i v e  c a t a l y s t  manni to l  
over a  l o 5  f o l d  concen t r a t i on  range ,  a  f i r s t  o rde r  r e a c t i o n  r e s u l t e d  w i th  
t h e  r a t e  cons t an t  dependent upon t h e  manni to l  concen t r a t i on .  It  was found 
t h a t  t h e  o x i d a t i o n  r a t e  was dependent on pH i n  some ranges .  
Cooper e t  a1 [I9441 s t u d i e d  i n  more d e t a i l  t h e  o x i d a t i o n  of 
aqueous sodium s u l f i t e  s o l u t i o n  c o n t a i n i n g  copper i o n s .  I n  t h e  range  
of sodium s u l f i t e  c o n c e n t r a t i o n  covered (between 0.035 t o  a lmost  1 
normal) t h e  r a t e  of o x i d a t i o n  was found t o  b e  a  c o n s t a n t .  Blakebrough 
[I9671 a l s o  i n d i c a t e d  t h e  o x i d a t i o n  r a t e  t o  b e  independent  of s u l f i t e  
c o n c e n t r a t i o n  i n  t h e  range  from about  0.015 t o  1 . 0  molar. 
Yoshida e t  a1 [1960] found a  h i g h e r  a b s o r p t i o n  r a t e  f o r  w a t e r  
w i t h  c a t a l y z e d  s u l f i t e  t h a n  f o r  p u r e  w a t e r .  They i n t e r p r e t e d  t h i s  d i f -  
f e r e n c e  t o  b e  t h e  r e s u l t  of s m a l l e r  bubb les  and t h u s  g r e a t e r  i n t e r f a c i a l  
area i n  t h e  s u l f i t e  s o l u t i o n ,  r a t h e r  t h a n  be ing  a s s o c i a t e d  w i t h  t h e  
chemical  r e a c t i o n .  T h i s  conc lus ion  was based  on t h e i r  measurement of t h e  
a b s o r p t i o n  r a t e  f o r  s u l f i t e  and s u l f a t e  s o l u t i o n s .  I n  b o t h  c a s e s ,  they 
s t a t e d  t h a t  t h e  bubble  s i z e  was t h e  same, and t h a t  t h e  v a l u e s  of (KLa) 
were a l s o  t h e  same. These c o n c l u s i o n s  a r e  c o n t r a r y  t o  t h e  g e n e r a l l y  
accep ted  view t h a t  t h e  s u l f i t e  i n f l u e n c e s  t h e  a b s o r p t i o n  r a t e  b o t h  by 
changing t h e  bubble  s i z e  ( i n  bubble  a e r a t i o n )  and by chemical  r e a c t i o n  
w i t h  t h e  oxygen. For example, r e s u l t s  c i t e d  below and o t h e r s  g iven  i n  
S e c t i o n  5 . 3  of t h i s  r e p o r t  i n d i c a t e  a h i g h e r  a b s o r p t i o n  rate w i t h  s u l f i t e  
t h a n  w i t h o u t  s u l f i t e ,  f o r  a  c o n s t a n t  i n t e r f a c i a l  a r e a .  
S c h u l t z  and Gaden [I9561 e x p e r i m e n t a l l y  determined KL v a l u e s  i n  
a  mixing v e s s e l  w i t h  c o n s t a n t  i n t e r f a c i a l  a r e a .  They used 7.5 l i t e r s  of 
sodium s u l f i t e  s o l u t i o n  a t  0.15N w i t h  c u p r i c  s u l f a t e  c a t a l y s t .  For 
s t i r r e r  speeds  from 0  t o  100 rpm, they  found t h a t  \ was approximately  
c o n s t a n t  a t  1 . 2  cm/min. From 100 t o  240 rpm, \ decreased  t o  abou t  0.9 
cm/min. There a r e  two s t r a n g e  t h i n g s  abou t  t h e i r  r e s u l t s .  The f i r s t  
t h i n g  i s  t h a t  KL f o r  a  z e r o  s t i r r e r  speed  (no t u r b u l e n c e )  was as g r e a t  
a s  t h a t  when t u r b u l e n c e  was p r e s e n t .  The second s t r a n g e  t h i n g  is t h e  
d e c r e a s e  i n  \ w i t h  i n c r e a s i n g  s t i r r e r  speed i n  t h e  h i g h e r  range .  The 
a u t h o r s  d i d  n o t  comment on t h e  f i r s t  matter. They e x p l a i n e d  t h e  second 
t h i n g  i n  terms of o x i d a t i o n  of t h e  s u l f i t e  i n  a c h a i n  mechanism, They 
s a i d  t h a t  a n  i n t e r m e d i a t e  p roduc t  i n  t h e  r e a c t i o n  was t h e  r a t e  l i m i t i n g  
f a c t o r  and t h a t  t h e  r a t e  of t h i s  i n t e r m e d i a t e  s t e p  decreased  because  t h e  
h i g h e r  t u r b u l e n c e  p rov ided  a  decreased  exposure  t o  t h e  oxygen. However, 
i t  shou ld  b e  no ted  t h a t  t h e  g r a d i e n t s  i n  t h e  e x p l a n a t i o n  proposed by 
them would r e q u i r e  d i f f u s i o n  of t h i s  i n t e r m e d i a t e  p roduc t  through t h e  
f r e e  s u r f a c e .  
O'Connor and Dobbins [1958] ,  a s  a  p a r t  of some o t h e r  work, 
performed some r e a e r a t i o n  exper iments  Sot11 w i t h  and w i t h o u t  s u l f i t e  i n  
t h e  same v e s s e l .  They used about  2.5 l i t e r s  of w a t e r  a t  a n  i n i t i a l  
s u l f i t e  c o n c e n t r a t i o n  of 8000 ppm w i t h  a  v e r t i c a l l y  o s c i l l a t i n g  l a t t i c e  
work t o  produce t h e  mixing.  T h e i r  r e s u l t s  a r e  p r e s e n t e d  i n  F i g .  2.2.  
They found t h a t  5 i n c r e a s e d  w i t h  i n c r e a s i n g  t u r b u l e n c e .  From t h e  5 
v a l u e s ,  i t  can be  s e e n  t h a t  t h e  degree  of mixing was a p p a r e n t l y  g r e a t e r  
t h a n  t h a t  used by S c h u l t z  and Gaden, whose work was d i s c u s s e d  above.  
Camp [1958] ,  i n  d i s c u s s i n g  O'Connor and Dobbins a r t i c l e ,  pos tu-  
l a t e d  t h a t  t h e  r a t e  of oxygen a b s o r p t i o n  i n t o  a  s u l f i t e  s o l u t i o n  i s  
c o n t r o l l e d  by t h e  r a t e  a t  which t h e  s u l f i t e  d i f f u s e s  toward t h e  f r e e  
s u r f a c e  f o r  t h e  r e a c t i o n  w i t h  t h e  oxygen. For  t h e  exper iments  of 
O1Connor and Dobbins, t h e  r e a e r a t i o n  c o e f f i c i e n t s  p l u s  t h e  d u r a t i o n  of 
t h e  exper iments  show t h a t  t h e  s u l f i t e  c o n c e n t r a t i o n  d e c r e a s e d  t o  l e s s  
t h a n  h a l f  i t s  i n i t i a l  v a l u e .  N e v e r t h e l e s s ,  t h e y  found t h a t  t h e  absorp-  
t i o n  r a t e  was c o n s t a n t  f o r  a  g i v e n  t u r b u l e n c e .  
2.5) BIOCHEMICAL OXYGEN DEMAND 
When was tewate r s  a r e  p r e s e n t ,  t h e r e  i s  t h e  p o s s i b i l i t y  of many 
d i f f e r e n t  mechanisms a c t i n g  s i m u l t a n e o u s l y  t o  i n f l u e n c e  t h e  oxygen absorp- 
t i o n  r a t e  ( e . g .  s u r f a c e  a c t i v e  a g e n t s ,  chemica l s ,  p h y s i c a l  e f f e c t s  of 
suspended s o l i d s ,  b i o l o g i c a l  u t i l i z a t i o n  of oxygen,and p o s s i b l e  changes i n  
t h e  s a t u r a t i o n  c o n c e n t r a t i o n ) .  Thus,  t h e  problem of e v a l u a t i n g  t h e  
i n f l u e n c e  of b i o l o g i c a l  a c t i v i t y  on oxygen a b s o r p t i o n  i s  r a t h e r  d i f f i c u l t .  
There  a r e  a t  l e a s t  two p o s s i b l e  ways of approaching t h i s  problem, b u t  
n e i t h e r  way i s  e n t i r e l y  s a t i s f a c t o r y .  One way i s  t o  s t u d y  t h e  e f f e c t s  of 
t h e  v a r i o u s  mechanisms s e p a r a t e l y .  The problem w i t h  t h i s  approach i s  t h a t  
t h e  mechanisms a r e  no doubt n o t  independen t  of each  o t h e r .  Thus,  even i f  
a l l  t h e  s e p a r a t e  mechanisms a r e  thorough ly  unders tood ,  i t  might n o t  be  
c l e a r  how t h e  s e p a r a t e  e f f e c t s  should  b e  combined. The o t h e r  approach i s  
t o  s t u d y  a e r a t i o n  w i t h  many o r  a l l  of t h e  t y p e s  of mechanisms p r e s e n t  
s i m u l t a n e o u s l y .  Then through a  s y s t e m a t i c  v a r i a t i o n  of v a r i o u s  q u a n t i t i e s ,  
a  s t a t i s t i c a l  approach could  b e  used i n  a n  e f f o r t  t o  q u a n t i f y  t h e  v a r i o u s  
e f f e c t s .  The problem w i t h  t h i s  approach i s  t h a t  a n  ex t remely  l a r g e  amount 
of d a t a  i s  r e q u i r e d  i f  r e l i a b l e  r e s u l t s  a r e  t o  b e  o b t a i n e d .  Most of t h e  
work reviewed i n  t h i s  s e c t i o n  f a l l s  i n t o  t h e  f i r s t  approach.  The a n a l y t i c a l  
27: 
[8567: 'su-~qqoa pue ~ouuo3,ol ~J-FJT~S 3noqJ'cM pue q~r~ 5 Z-Z -a~d 
and e x p e r i m e n t a l  work r e p o r t e d  l a t e r  (Chaps. 4 a n d 5  ) a l s o  f a l l s  i n t o  
t h e  f i r s t  approach,  namely an a t t e m p t  t o  s t u d y  j u s t  t h e  oxygen demand. 
I n  e v a l u a t i n g  t h e  i n f l u e n c e  of some i m p u r i t y  o r  w a s t e  on 
a e r a t i o n ,  a  pa ramete r  a i s  f r e q u e n t l y  used.  T h i s  pa ramete r  i s  d e f i n e d  
a s  t h e  r a t i o  of t h e  t r a n s f e r  c o e f f i c i e n t  w i t h  t h e  i m p u r i t y  p r e s e n t  t o  
t h e  c o e f f i c i e n t  f o r  pure  w a t e r :  
KLa (wi th  i m p u r i t y )  
a = -  
K a  ( f o r  p u r e  w a t e r )  L 
I n  accordance  w i t h  Eq. 2 .5 ,  K a  i n  Eq. 2 .11  could  b e  r e p l a c e d  by K The L 2  ' 
d e f i n i t i o n  of a assumes t h a t  t h e  a p p r o p r i a t e  v a l u e  of  t h e  s a t u r a t i o n  concen- 
t r a t i o n  ( c  ) i s  used when e v a l u a t i n g  K a  o r  K However, i t  i s  o f t e n  t h e  
s L 2  ' 
c a s e  t h a t  c  i s  n o t  known o r  no t  e v a l u a t e d  f o r  t h e  w a t e r  p l u s  i m p u r i t y .  
s 
Then, a sometimes i n c l u d e s  t h e  e f f e c t s  of changes b o t h  i n  I(La and c . S 
I t  i s  g e n e r a l l y  accep ted  t h a t  t h e  p r e s e n c e  of o r g a n i c  m a t e r i a l s  
r e t a r d s  t h e  r a t e  of oxygen a b s o r p t i o n  and causes  a t o  be  l e s s  than  u n i t y .  
Var ious  v a l u e s  of  a from almost  z e r o  t o  a lmos t  u n i t y  (and o c c a s i o n a l l y  
g r e a t e r  t h a n  u n i t y )  have been r e p o r t e d  i n  t h e  l i t e r a t u r e .  S e e ,  f o r  example,  
Xehr [1938],  King [1955] ,  Eckenfe lde r  e t  a 1  [1356] .  However, a p p a r e n t l y  
v e r y  l i t t l e  i s  known about  how much of t h e  change i n  a i s  due t o  t h e  v a r i o u s  
f a c t o r s  o r  mechanisms p r e s e n t .  
2 .5 .1)  S u r f a c e  A c t i v e  Agents,  Acids ,  and O t h e r  Chemicals 
Some s u b s t a n c e s  have a  type  of s u r f a c e  a c t i v i t y  t h a t  make them 
tend  t o  c o n c e n t r a t e  a t  a  g a s - l i q u i d  i n t e r f a c e .  Examples a r e  p r o t e i n  
d e r i v a t i v e s  and some m i c r o b i a l  c e l l s .  It i s  known t h a t  s u r f a c e  a c t i v e  
a g e n t s  can cause  a  s e v e r e  r e d u c t i o n  i n  t h e  absorpt i -on c o e f f i c i e n t .  See ,  
f o r  example, Holdroyd and P a r k e r  [I9521 and Downing and T r u e s d a l e  [1955] .  
Zeimenski e t  a 1  [I9671 s t u d i e d  t h e  e f f e c t  of mono- and d i c a r b o n y l i c  
a c i d s  as w e l l  as a l i p h a t i c  a l c o h o l s  on t h e  o v e r a l l  t r a n s f e r  r a t e .  A i r  
bubb les  were  used f o r  a e r a t i o n .  The s i z e  of  bubb les  was measured by a  
p h o t o g r a p h i c  t echn ique .  I t  was found t h a t  t h e  t r a n s f e r  c o e f f i c i e n t  K a L 
i n c r e a s e d  w i t h  a d d i t i o n  of t h e  a c i d s  o r  a l c o h o l s .  The i n c r e a s e  w a s  g r e a t e r  
a t  lower c o n c e n t r a t i o n s  and w a s  s t r o n g e r  f o r  compounds of h i g h e r  m o l e c u l a r  
w e i g h t s .  For  a  h e p t a n o i c  a c i d  c o n c e n t r a t i o n  of 1 0  ppm, t h e  oxygen t r a n s f e r  
r a t e  i nc r ea sed  by 180 p e r c e n t .  Th is  i n c r e a s e  i n  t r a n s f e r  r a t e  (K a )  L 
can p a r t l y  b e  a t t r i b u t e d  t o  t h e  dec r ea se  i n  a i r  bubble  s i z e  caused by 
a d d i t i o n  of a c i d s .  A s  an example ,octanic  a c i d  a t  a  concen t r a t i on  of 
10  ppm i n c r e a s e d  t h e  s u r f a c e  a r e a  by 700 pe r cen t .  However t h i s  i n c r e a s e  
i n  s u r f a c e  a r e a  i s  cons iderab ly  lower t han  t h a t  of t o t a l  t r a n s f e r  r a t e  
as a  r e s u l t  of t h e  added a c i d .  
Poon and Campbell [I9671 s t u d i e d  t h e  e f f e c t  of s e v e r a l  d i s so lved  
chemicals  on t h e  abso rp t i on  from bubbles  w i th  a  cons t an t  a i r  f low r a t e .  
The d i s s o l v e d  m a t e r i a l s  s t u d i e d  were chemicals such a s  i n o r g a n i c  s a l t s ,  
o rgan i c  subs t ances ,  ca rbohydra tes ,  amino a c i d s ,  p r o t e i n  and s t a r c h  com- 
monly found i n  p o l l u t e d  wa t e r .  They covered a  wide range i n  molecular  
s i z e s  and concen t r a t i ons .  These chemicals  produced a  r educ t i on  i n  KLa 
w i th  a  s t r o n g e r  e f f e c t  a t  h ighe r  concen t r a t i ons .  The r e s u l t s  i n d i c a t e d  
t h a t  t h e  concen t r a t i on  i s  n o t  t h e  on ly  f a c t o r  a f f e c t i n g  t h e  oxygen t r a n s f e r  
r a t e .  I t  was found t h a t  t h e  l a r g e  molecular  subs t ances  such a s  peptone 
a n d n u t r i e n t  b r o t h  had a  s t r o n g  e f f e c t  on t h e  t r a n s f e r  r a t e  whereas small 
molecules  l i k e  NaCl had very  l i t t l e  e f f e c t .  
Eckenfelder  e t  a1 [I9561 r epo r t ed  t h a t  by a d d i t i o n  of peptone 
t o  water, t h e  v a r i a t i o n  of oxygen t r a n s f e r  r a t e  w i th  changing concentra-  
t i o n  w a s  r a p i d  a t  low coacen t r a t i ons  and more g r adua l  t h e r e a f t e r .  A t  
25 ppm, a was 0.5 and s lowly decreased  t o  0.2 a t  1000 ppm. 
From t h e s e  r e s u l t s ,  i t  appears  t h a t  r e l a t i v e l y  l a r g e  changes 
i n  a can be  produced by sma l l  changes i n  chemical concen t r a t i on  f o r  low 
concen t r a t i ons  wh i l e  a i s  l e s s  s e n s i t i v e  t o  concen t r a t i on  changes a t  t h e  
h ighe r  concen t r a t i ons .  Also,  subs t ances  w i th  l a r g e  molecular  weight  
appear  t o  have more a f f e c t  than t h e  sma l l e r  molecular  weigh ts .  However, 
Zeimenski e t  a1 found an  i n c r e a s e  i n  a f o r  t h e  chemicals  they  used wh i l e  
Poon and Campbell found a  decrease  i n  a .  
2.5.2)  Suspended S o l i d s  
There  a r e  appa ren t l y  some i n c o n s i s t e n c i e s  i n  t h e  d a t a  a v a i l a b l e  
on t h e  i n f l u e n c e  of suspended s o l i d s  on abso rp t i on  r a t e s .  Kehr [I9381 
no ted  t h a t  a d d i t i o n  of  diatomaceous e a r t h  t o  t a p  wa t e r  reduced t h e  t r a n s f e r  
r a t e  by about  25%. Holdroyd and Pa rke r  [I9521 r e p o r t e d  t h a t  b e n t o n i t e  
had no e f f e c t  on t h e  t r a n s f e r  r a t e .  Poon and Campbell [I9671 found t h a t  
suspended p a r t i c l e s  i n  s m a l l  concen t r a t i ons  enhanced t h e  t r a n s f e r  p roce s s .  
Van d e r  Kroon [I9681 s t u d i e d  t h e  e f f ec . t s  of suspens ions  of c l a y  and alumi- 
num s u l f a t e .  H i s  r e s u l t s  were n o t  a t  a l l  c l e a r l y  p r e sen t ed ,  b u t  they seem 
t o  i n d i c a t e  a  r educ t i on  i n  t r a n s f e r  r a t e  w i t h  an i n c r e a s i n g  suspens ion  
concen t r a t i on .  I n  any c a s e ,  i t  i s  no t  c l e a r  whether changes i n  t h e  t r a n s f e r  
r a t e  were due t o  changes i n  t h e  s a t u r a t i o n  concen t r a t i on  o r  changes i n  ?La 
(o r  b o t h ) .  Eckenfelder  e t  a 1  [I9561 found t h a t  t h e  a d d i t i o n  of 2260 ppm of 
suspended s o l i d s  t o  an a c t i v a t e d  s ludge  waste  mix ture  caused a t o  decrease  
from 0.54 t o  0.44.  A t  a  s l udge  concen t r a t i on  of 1000 ppm, Gaden [I9551 
r epo r t ed  a  %a va lue  20% of t h a t  f o r  p u r e  f e rmen ta t i on  b r o t h .  I n  t he se  
experiments, t h e r e  were no doubt i n f l u e n c e s  o t h e r  than  j u s t  t h e  p h y s i c a l  
p resence  of suspended s o l i d s .  
I t  seems t h a t  t h e  m a j o r i t y  (bu t  n o t  a l l )  of t h e  d a t a  t o  which 
r e f e r e n c e  h a s  been made i n d i c a t e  a  dec r ea se  i n  t h e  t r a n s f e r  c o e f f i c i e n t  
due t o  t h e  p resence  of suspended s o l i d s .  
2 .5 .3)  B io log i ca l  A c t i v i t y  
A s  i s  w e l l  known, t h e  p resence  of b i o l o g i c a l  c e l l s  c r e a t e s  an 
oxygen demand i n  wa t e r .  Hixson [I9501 po in t ed  ou t  t h a t  t h e  oxygen t r a n s f e r  
p rocess  may b e  d iv ided  i n t o  t h r e e  s t e p s :  (1)  ab so rp t i on  of t h e  oxygen a t  
t h e  i n t e r f a c e ,  (2)  d i f f u s i o n a l  t r a n s f e r  of t h e  d i s so lved  oxyten through 
t h e  l i q u i d ,  and ( 3 )  u t i l i z a t i o n  of t h e  oxygen by t h e  c e l l s .  Others  (e .g .  
Bennet t  and Kempe [I9641 and Tsao [I9681 ) have suggested t h e  p o s s i b i l i t y  
of t h e  c e l l s  t ak ing  oxygen d i r e c t l y  from t h e  atmosphere.  
I t  i s  no t  t h e  purpose of  t h i s  r e p o r t  t o  exp lo r e  t h e  many p o s s i b l e  
f a c t o r s  which can i n f l u e n c e  t h e  r a t e  a t  which oxygen i s  u t i l i z e d  i n  b io log-  
i c a l  p roce s se s .  Only one s i t u a t i o n  i s  c i t e d  h e r e  a s  an example, namely 
t h e  ca se  f o r  which t h e  oxygen u t i l i z a t i o n  i s  p r o p o r t i o n a l  t o  t h e  oxygen 
demand (L) s o  t h a t  R i n  Eq 1.1 i s  g iven  by 
The oxygen demand then  dec r ea se s  i n  an  exponen t i a l  f a s h i o n  ( s e e ,  f o r  example, 
Phelps  [I9441 ) : 
where L i s  t h e  u l t i m a t e  oxygen demand. S ince  t h e  r a t e  of s a t i s f a c t i o n  of t h e  
0 
oxygen demand n e c e s s a r i l y  is e q u a l  t o  t h e  r a t e  of oxygen u t i l i z a t i o n ,  
Eq. 2.14 i m p l i e s  t h a t  Eq. 1.1 may b e  w r i t t e n  as 
f o r  t h i s  c a s e .  
The oxygen u t i l i z a t i o n  by c e l l s  i n  w a t e r  where t h e  d i s s o l v e d  
oxygen l e v e l  i s  ex t remely  low has  been s t u d i e d  by Bandyopadhyay and Humphrey 
[I9671 and F inn  [1954]. 
P h i l l i p s  and Johnson [I9611 r e p o r t e d  a e r a t i o n  s t u d i e s  us ing  
s e v e r a l  micro-organisms. For bubble  a e r a t i o n ,  they  found an  i n c r e a s e  i n  
t h e  t r a n s f e r  c o e f f i c i e n t  w i t h  t h e  organisms p r e s e n t .  They sugges ted  t h a t  
t h e  i n c r e a s e  was due t o  a  r e d u c t i o n  i n  t h e  s i z e  of t h e  a i r  b u b b l e s .  
Tsao [I9681 a l s o  s t u d i e d  t h e  e f f e c t  of s e v e r a l  b a c t e r i a l  c e l l s  
on t h e  oxygen t r a n s f e r  r a t e .  The exper iments  were performed i n  a  beaker  
a t  low s t i r r e r  speeds  s o  t h a t  no bubbles  were formed. He found v a l u e s  
f o r  a (Eq. 2.12) i n  t h e  o r d e r  of 1 . 4  when t h e r e  was b i o l o g i c a l  o x i d a t i o n  
dur ing  t h e  oxygen t r a n s f e r  p r o c e s s .  A s  mentioned e a r l i e r ,  he  assumed t h e  
i n c r e a s e  t o  b e  due t o  t h e  d i r e c t  a b s o r p t i o n  of t h e  c e l l s  from t h e  atmos- 
phere .  Experiments d i s c u s s e d  i n  S e c t i o n  5 .4  show an  i n c r e a s e  i n  r e a e r a t i o n  
r a t e  i n  a  s i t u a t i o n  where any d i r e c t  up take  by t h e  c e l l s  was n o t  inc luded  
i n  t h e  measurements. The t echn ique  used by Tsao ( i . e .  t h e  r a t e  of produc- 
t i o n  of g l u c o n i c  a c i d  [Tsao and Kempe, 19601) h a s  been c r i t i c i z e d  by Humphrey 
and R e i l l y  [I9651 and defended by Tsao [1969B]. 
Tsao [1969Al p r e s e n t e d  an i n t e r e s t i n g  a n a l y s i s  of g a s  a b s o r p t i o n  
i n c l u d i n g  t h e  i n f l u e n c e  of uptake by s m a l l  p a r t i c l - e s  i n  t h e  l i q u i d .  He 
cons idered  d i f f e r e n t  d i s t r i b u t i o n s  of p a r t i c l e s  nex t  t o  t h e  f r e e  s u r f a c e  
and o b t a i n e d  t h e  e f f e c t  of t h e  p a r t i c l e s  on K However, t h e  mass b a l a n c e  L ' 
e q u a t i o n  h e  used had an e r r o r  i n  i t ,  s o  t h e  s i g n i f i c a n c e  of h i s  r e s u l t s  i s  
n o t  c l e a r .  (The e r r o r  i s  t h a t  t h e  s i g n  i s  wrong on t h e  a s / a x  term i n  h i s  
Eq. 3 .  However, t h i s  term and t h e r e f o r e  t h e  e r r o r  may n o t  b e  t o o  s i g n i f -  
i c a n t  f o r  s m a l l  p a r t i c l e  c o n c e n t r a t i o n s ,  b u t  i t  i s  d i f f i c u l t  t o  b e  s u r e  
w i t h o u t  r e - d e r i v i n g  h i s  answers w i t h  t h e  s i g n  c o r r e c t e d . )  I n  h i s  i l l u s t r a -  
t i o n  of h i s  r e s u l t s ,  h e  assumed a  p a r t i c l e  c o n c e n t r a t i o n  d i s t r i b u t i o n  which 
changed by a  f a c t o r  of t h r e e  i n  a  d i s t a n c e  e q u a l  t o  two p a r t i c l e  d i a m e t e r s .  
I t  seems t h a t  t h i s  s i t u a t i o n  might b e  r a t h e r  d i f f i c u l t  t o  ach ieve  p h y s i c a l l y .  
I n  any c a s e  h i s  r e s u l t s  could  n o t  b e  compared w i t h  t h e  a n a l y t i c a l  r e s u l t s  
p r e s e n t e d  l a t e r  i n  t h i s  r e p o r t  f o r  a t  l e a s t  t h r e e  reasons :  (1 )  He assumed 
t h e  p a r t i c l e  uptake r a t e  t o  b e  p r o p o r t i o n a l  t o  t h e  d i s s o l v e d  gas  concen t ra -  
t i o n  w h i l e  t h e  a n a l y s i s  i n  t h i s  r e p o r t  assumes i t  t o  b e  p r o p o r t i o n a l  t o  t h e  
-1 BOD. (2) He used a r a t e  c o n s t a n t  f o r  t h e  p a r t i c l e s  much h i g h e r  (120 s e c  ) 
t h a n  cons idered  h e r e .  (3 )  He assumed molecu la r  d i f f u s i o n  throughout  t h e  
l i q u i d ,  w h i l e  t h i s  r e p o r t  a l l o w s  t u r b u l e n t  mixing. 
I n  e s s e n t i a l l y  a l l  of t h e  s t u d i e s  mentioned above t h e r e  has  been 
an  e f f o r t  t o  make some s e p a r a t i o n  i n  t h e  e f f e c t s  of t h e  i n d i v i d u a l  c o n s t i t -  
u e n t s  of a  was te .  Except ions  t o  t h i s ,  a l r e a d y  ment ioned,  a r e  Kehr [I9381 
and Eckenfe lder  e t  a 1  [1956] .  Kothandaraman [I9691 under took a  s t u d y  on 
samples t a k e n  f r o m t h e  I l l i n o i s  River  a t  P e o r i a .  A p o r t i o n  of each sample was 
ana lyzed  f o r  suspended s o l i d s ,  d i s s o l v e d  s o l i d s ,  chemical  oxygen demand 
( a s  a  measure of chemical  i m p u r i t i e s )  and s u r f a c e  a c t i v e  a g e n t s .  A few of 
t h e  samples were d i l u t e d  w i t h  d i s t i l l e d  w a t e r  t o  o b t a i n  a  wide range of 
c o n c e n t r a t i o n s .  The r e s u l t s  of t h e  exper iments  i n d i c a t e d  t h a t  t h e  contam- 
i n a n t s  i n  r i v e r  w a t e r  a l t e r  t h e  a e r a t i o n  r a t e  t o  t h e  e x t e n t  o f , +  15% 
compared t o  t h e  r a t e  f o r  d i s t i l l e d  w a t e r .  No c o n s i s t e n t  r e l a t i o n s h i p  
cou ld  b e  e s t a b l i s h e d  between t h e  r e a e r a t i o n  r a t e  and c o n s t i t u e n t  contam- 
i n a n t s  i n  r i v e r  w a t e r .  
2.5.4) E f f e c t  of I m p u r i t i e s  on S a t u r a t i o n  Value 
I n  most of t h e  i n v e s t i g a t i o n s  t o  which r e f e r e n c e  h a s  been made, 
t h e  e f f e c t  of contaminants  on t h e  oxygen s a t u r a t i o n  v a l u e  was n o t  c o n s i d e r e d .  
Only i n  a  few exper iments ,  e .g .  t h a t  by Kehr [1938] ,  such an e f f e c t  was 
cons idered .  
I t  has  been demonstra ted by I s a a c s  and Gaudy [1.968A] t h a t  t h e r e  
i s  a  need f o r  knowing t h e  n e a r l y  e x a c t  v a l u e  of s a t u r a t i o n  c o n c e n t r a t i o n  
f o r  e v a l u a t i o n  o f  t o t a l  a b s o r p t i o n  r a t e .  They demonstra ted t h e r e  cou ld  b e  
a  r e l a t i v e l y  l a r g e  e r r o r  i n  computed K a  v a l u e s  a s  a  r e s u l t  of r e l a t i v e l y  L 
s m a l l  e r r o r s  i n  t h e  v a l u e  used f o r  t h e  s a t u r a t i o n  c o n c e n t r a t i o n .  
Reed and T h e r i a u l t  [I9311 and I s a a c s  and Gaudy [1968B] p r e s e n t  
methods f o r  i n d i r e c t l y  e v a l u a t i n g  c  from measurements of d i s s o l v e d  oxygen 
S 
v s .  t ime.  
CHAPTER 3 
DIFFUSION AND BOUNDARY LAYER CONCEPTS 
3.1) GENERAL CONCEPT 
I t  seems t h a t  t h e r e  i s  e s s e n t i a l l y  no p o s s i b i l i t y  of a  s t a g n a n t  
f i l m  e x i s t i n g  a t  t h e  Eree s u r f a c e  of  t u r b u l e n t  w a t e r .  There  i s  much e v i -  
dence t o  s u p p o r t  t h e  p r e s e n c e  of  t u r b u l e n c e  a t  t h e  f r e e  s u r f a c e ,  b u t  s t i l l  
r e f e r e n c e  i s  sometimes made t o  supposedly  s t a g n a n t  f i l m s .  I t  was essen-  
t i a l l y  t h e  r e c o g n i t i o n  of t u r b u l e n t  mixing a t  t h e  f r e e  s u r f a c e  t h a t  l e d  
Higb ie ,  Danckwerts, and Dobbins t o  develop t h e  models d i s c u s s e d  i n  
S e c t i o n  2.2.  The concep t  of  s u r f a c e  renewal  i s  a  model t o  accoun t  f o r  
t u r b u l e n t  mixing.  
J u s t  t h e  p r e s e n c e  of r i p p l e s  on t h e  w a t e r  s u r f a c e  i s  one i n d i c a -  
t i o n  of  t h e  p r e s e n c e  of  t u r b u l e n c e  a t  t h e  s u r f a c e .  Orlob [ I9591 and 
Engelund [I9691 b o t h  used t h e  f r e e  s u r f a c e  t u r b u l e n c e  i n  a  wide channe l  
a s  an  example o f  homogeneous t u r b u l e n c e  i n  which t o  s t u d y  d i f f u s i o n .  
Hol ley  [I9701 measured t h e  one-dimensional  spect rum o f  t u r b u l e n c e  a t  d i s -  
t a n c e s  from 0.006 i n .  (0 .15 m) t o  1 . 0  i n .  (25 mm) below t h e  f r e e  s u r f a c e  
and found t h e  same t u r b u l e n c e  c h a r a c t e r i s t i c s  throughout  t h i s  r e g i o n .  
Approximate c a l c u l a t i o n s  i n d i c a t e d  t h a t  some of  t h e s e  t u r b u l e n c e  measure- 
ments were made i n  t h e  r e g i o n  of t h e  oxygen s u r f a c e  f i l m .  It i s  t r u e  t h a t  
O r l o b ' s ,  Engelund 's ,  and H o l l e y ' s  work d e a l t  w i t h  t h e  h o r i z o n t a l  components 
of t h e  t u r b u l e n c e  w h i l e  i t  i s  p r i m a r i l y  t h e  v e r t i c a l  component which i s  
i m p o r t a n t  i n  t h e  problem o f  g a s  t r a n s p o r t  from t h e  a tmosphere .  Neverthe- 
l e s s ,  due t o  t h e  e s s e n t i a l  t h r e e  d imens iona l  n a t u r e  of t u r b u l e n c e ,  t h e r e  
i s  no doubt  t h a t  t h e  v e r t i c a l  a s  w e l l  as t h e  h o r i z o n t a l  t u r b u l e n c e  i s  
p r e s e n t .  
It i s  w e l l  r ecogn ized  t h a t  many t r a n s p o r t  problems i n  t u r b u l & t  
f low can b e  t r e a t e d  by a d i f f u s i o n  law analogous  t o  F i c k ' s  law f o r  molecu- 
l a r  d i f f u s i o n  [Bi rd  e t  a l ,  19601. T h e r e f o r e ,  i t  shou ld  b e  p o s s i b l e  t o  u s e  
a  d i f f u s i o n  model t o  r e p r e s e n t  t h e  t r a n s p o r t  of  oxygen downward from t h e  
f r e e  s u r f a c e  i n  t u r b u l e n t  w a t e r .  By analogy t o  F i c k ' s  law, a  g e n e r a l  t r a n s -  
p o r t  e q u a t i o n  f o r  d i f f u s i o n  i n  t h e  v e r t i c a l  (y)  d i r e c t i o n  may b e  w r i t t e n  a s  
[B i rd  e t  a l ,  19601 
* 
where D i s  a  d i f f u s i o n  c o e f f i c i e n t  and c  i s  a concen t r a t i on  w i th  any 
;k 
t u r b u l e n t  f l u c t u a t i o n s  averaged o u t .  In  g e n e r a l ,  D may be  w r i t t e n  a s  
* * 
D + Dt ,  where t h e  s u b s c r i p t  m r e f e r s  t o  t h e  molecu la r  c o n t r i b u t i o n  t o  
m 
d i f f u s i o n  and t h e  s u b s c r i p t  t r e f e r s  t o  t h e  t u r b u l e n t  c o n t r i b u t i o n ,  and 
* 
t h e  numerical  va lue  of D may b e  a lmost  any th ing ,  depending on t h e  par- 
* 
titular mixing cond i t i ons .  I n  t h e  absence of t u r b u l e n t  mixing, DL would 
* ;k * L 
be  z e r o  s o  t h a t  D - Dm. I n  o t h e r  c a s e s ,  D may be  n e g l i g i b l e  compared 
* * ;k 
t o  Dt  SO t h a t  i t  would be s u f f i c i e n t  t o  say  D = D 
t '  
The use  of Eq. 3 . 1  t o  r e p r e s e n t  t h e  t r a n s p o r t  away from t h e  
f r e e  s u r f a c e  w i l l  b e  r e f e r r e d  t o  as a  " d i f f u s i o n  model." Harleman and 
Hol ley  [:L963] and Thackston and Krenkel [I9691 d i scussed  t h e  gene ra l  s i g -  
n i f i c a n c e  of v e r t i c a l  d i f f u s i o n  i n  t h e  r e a e r a t i o n  problem, b u t  n e i t h e r  
p u b l i c a t i o n  gave d e t a c l e d  cons ide r a t i on  t o  t h e  t r a n s p o r t  immediately below 
t h e  f r e e  s u r f a c e .  
The p h y s i c a l  cond i t i ons  i n  r e a e r a t i o n ,  of course ,  a r e  n o t  
a f f e c t e d  by t h e  a n a l y t i c a l  model which i s  used. Thus, t h e  assumption t h a t  
t h e  wa t e r  s u r f a c e  i s  a t  s a t u r a t i o n  concen t r a t i on  i s  a s  v a l i d  f o r  t h e  d i f -  
f u s i o n  model as f o r  any o t h e r  model. Also,  t h e  wate r  a t  some d i s t a n c e  
below t h e  s u r f a c e  i s  w e l l  enough mixed s o  t h a t  t h e  oxygen concen t r a t i on  
i s  e s s e n t i a l l y  uniform. This  cond i t i on  ha s  been e m p i r i c a l l y  confirmed i n  
r e a e r a t i o n  exper iments  by withdrawing Winkler samples a t  t h e  bottom, a t  
mid-depth, and nea r  t h e  s u r f a c e  of t h e  mixing v e s s e l .  The concen t r a t i on  
d i s t r i b u t i o n  w a s  found t o  be uniform. A n a l y t i c a l  work d i s cus sed  l a t e r  a l s o  
s u b s t a n t i a t e s  t h i s  cond i t i on .  I n  view of t h i s  and t h e  s a t u r a t i o n  concen- 
t r a t i o n  a t  t h e  s u r f a c e ,  t h e  t ime-average concen t r a t i on  ( c )  d i s t r i b u t i o n  
must be  e s s e n t i a l l y  t h e  same a s  shown i n  F ig .  2.1, even when t h e r e  is  
t u rbu l ence  a t  t h e  f r e e - su r f ace .  That  is ,  t h e r e  i s  appa ren t l y  a r e l a -  
t i v e l y  s m a l l  r e g i o n  a t  t h e  s u r f a c e  w i th  a s t e e p  g r a d i e n t  from s a t u r a t i o n  
c o n c e n t r a t i o n  a t  t h e  s u r f a c e  t o  t h e  concen t r a t i on  e x i s t i n g  i n  t h e  b u l k  
of t h e  wa t e r .  A d i f f u s i o n  model (Eq .  3 .1 )  can be  used t o  r e p r e s e n t  t h e  
t r a n s p o r t  downward from t h e  f r e e  s u r f a c e  i n  terms of t h i s  g r a d i e n t  imme- 
d i a t e l y  below t h e  f r e e  s u r f a c e .  
It w i l l  b e  h e l p f u l  t o  have a  name by which t o  r e f e r  t o  t h i s  
r e g i o n  of t h e  s t e e p  g r a d i e n t  when t u r b u l e n c e  i s  p r e s e n t  a t  t h e  s u r f a c e .  
T h i s  r e g i o n  i s  a c t u a l l y  a n  "oxygen boundary l a y e r "  and i t  would b e  reason-  
a b l e  t o  r e f e r  t o  i t  a s  such.  T h i s  term would t end  t o  b r i n g  t o  mind t h e  
analogy between oxygen boundary l a y e r s  and o t h e r  boundary l a y e r s ,  a s  d i s -  
cussed l a t e r .  However, i t  would p robab ly  b e  f u t i l e  t o  propose t h e  u s e  of 
such a  name because  of t h e  widely  accep ted  usage of t h e  terminology 
" s u r f a c e  f i ln i t ' .  I n  r e c o g n i t i o n  of t h i s  f a c t  and a l s o  t h e  f a c t  t h a t  t h e  
d i f f u s i o n  model as proposed could  be  i n t e r p r e t e d  a s  a  m o d i f i c a t i o n  o r  
s u b s t a n t i a t i o n  of f i l m  t h e o r y  t o  i n c l u d e  p o s s i b l e  e f f e c t s  of t u r b u l e n c e  
on d i f f u s i o n  below t h e  f r e e  s u r f a c e ,  i t  would p robab ly  be  more a p p r o p r i a t e  
t o  u s e  t h e  term " t u r b u l e n t  s u r f a c e  f i lm".  The a d j e c t i v e  " t u r b u l e n t "  is 
used t o  emphasize t h e  p r e s e n c e  of t u r b u l e n c e  s i n c e  t h e  term " s u r f a c e  f i lm"  
sometimes seems t o  imply a  s t a g n a n t  f i l m .  
I n  a d i f f u s i o n  model f o r  t r a n s p o r t  through t h e  t u r b u l e n t  f i l m ,  
E q .  2 . 3  i s  s t i l l  v a l i d  s i n c e  i t  j u s t  d e f i n e s  a c o e f f i c i e n t  l$,. Also,  
E q .  2.5 s t i l l  a p p l i e s .  Combining E q .  2.3 and E q .  3 .1  and assuming a 
l i n e a r  c o n c e n t r a t i o n  d i s t r i b u t i o n  through t h e  t u r b u l e n t  f i l m ,  one can 
o b t a i n  t h e  r e l a t i o n s h i p  
* * 
where D i s  t h e  v a l u e  of D i n  t h e  t u r b u l e n t  f i l m  and 6 i s  t h e  t h i c k n e s s  T F  
of t h e  t u r b u l e n t  f i l m .  E q .  3 . 2  is of  course  analogous t o  E q .  2.2.  E q .  2.2 
* * 
may b e  viewed as a s p e c i a l  c a s e  of E q .  3.2 when D = D . Before  E q .  3 . 2  T F  m 
could  b e  used as a b a s i s  f o r  p r e d i c t i n g  r e a e r a t i o n  r a t e s ,  i t  would b e  nec- 
* 
e s s a r y  t o  have some means of r e l a t i n g  D and 6 t o  mean f low paramete rs  o r  T F  
some o t h e r  pa ramete rs  which could  b e  e a s i l y  determined.  A t  t h i s  s t a g e ,  no 
* 
such g e n e r a l  c o r r e l a t i o n s  f o r  D and 6 are known. However, some labora -  T F 
t o r y  t e s t s  have been made, and they shed some l i g h t  on t h e  v a l i d i t y  of t h e  
* 
d i f f u s i o n  model and on v a r i a b l e s  t h a t  a f f e c t  D and 6 .  Also,  due t o  p a s t  T F  
s u c c e s s e s  i n  c o r r e l a t i n g  d i f f u s i o n  c o e f f i c i e n t s  and boundary l a y e r  t h i c k -  
n e s s  w i t h  mean f low paramete rs ,  t h e r e  would appear  t o  b e  a  r e a s o n a b l e  
* 
chance of f i n d i n g  g e n e r a l  c o r r e l a t i o n s  f o r  D and 6 i n  t h e  f u t u r e .  T F  
Before  d e s c r i b i n g  t h e  exper imenta l  work, i t  may b e  worthwhi le  
t o  comment on t h e  r e l a t i o n  between t h e  s u r f a c e  renewal  model and t h e  
d i f f u s i o n  model. It i s  n e c e s s a r y  t h a t  t h e  models n o t  b e  confused w i t h  
t h e  p h y s i c a l  phenomenon which they  a r e  seek ing  t o  r e p r e s e n t .  The p h y s i c a l  
phenomenon i s  a p p a r e n t l y  something l i k e  t h i s :  
I n  t u r b u l e n t  w a t e r  t h e r e  i s  a random motion of t h e  w a t e r .  
T h i s  random motion c a r r i e s  d i f f e r e n t  p a r c e l s  of w a t e r  t o  
t h e  f r e e  s u r f a c e  a t  d i f f e r e n t  t imes .  I f  a p a r c e l  of w a t e r  
i s  below s a t u r a t i o n  c o n c e n t r a t i o n ,  t h e n  oxygen from t h e  
atmosphere moves i n t o  t h i s  p a r c e l  through molecu la r  d i f  - 
f u s i o n  d u r i n g  t h e  t ime t h a t  t h e  p a r c e l  i s  a t  t h e  s u r f a c e .  
Of c o u r s e ,  t h i s  i s  an  o v e r s i m p l i f i e d  e x p l a n a t i o n  s i n c e  t h e r e  i s  no p a r c e l  
of w a t e r  which remains i n  t a c t  even f o r  a s h o r t  exposure  t o  t h e  f r e e  
s u r f a c e .  However, f o r  t h i s  p h y s i c a l  p r o c e s s ,  t h e  e s s e n t i a l  d i f f e r e n c e  
between a d i f f u s i o n  model and a s u r f a c e  renewal  model i s  t h a t  t h e  
s u r f a c e  renewal model seeks  t o  r e p r e s e n t  t h i s  p h y s i c a l  p r o c e s s  by s a y i n g  
something abou t  t h e  s t a t i s t i c a l  d i s t r i b u t i o n  of t h e  t u r b u l e n c e  a t  t h e  
s u r f a c e  (Eq. 2.7) w h i l e  t h e  d i f f u s i o n  model d e a l s  o n l y  w i t h  t h e  average  
q u a n t i t i e s ,  e .g .  c o n c e n t r a t i o n s  and t r a n s p o r t  r a t e s  which have averaged 
t h e  e f f e c t s  of t u r b u l e n t  f l u c t u a t i o n s  (Eq. 3 . 1 ) .  Tay lor  [1921] h a s  
d i s c u s s e d  t h e  r e l a t i o n  between d i f f u s i o n  and t h e  s t a t i s t i c a l  pa ramete rs  
of t h e  t u r b u l e n c e  f o r  homogeneous t u r b u l e n c e  c o n d i t i o n s .  
Recognizing t h e  d i f f e r e n t  n a t u r e  of t h e  models,  i t  can b e  
seen  t h a t  i t  i s  n o t  n e c e s s a r i l y  t h e  c a s e  t h a t  one model i s  c o r r e c t  and 
t h e  o t h e r  i n c o r r e c t .  Also,  t h e  b a s i c  concep t s  i n  t h e  models should  n o t  
b e  confused w i t h  o r  equa ted  w i t h  assumptions  which might b e  made i n  
app ly ing  t h e  model. Both models seem l o g i c a l  i n  terms of what i s  known 
about  t h e  p h y s i c a l  p r o c e s s .  Thus, any f a i l u r e  of t h e  models t o  g i v e  
l o g i c a l  r e s u l t s  p robab ly  s tems from assumptions  made i n  a p p l i c a t i o n ,  
r a t h e r  t h a n  from t h e  b a s i c  concep t s  i n  t h e  model. 
3.2) Experiments on Heat Absorpt ion 
Some l a b o r a t o r y  s t u d i e s  were  conducted t o  t e s t  t h e  v a l i d i t y  of 
u s i n g  a d i f f u s i o n  model f o r  t h e  downward t r a n s p o r t  from t h e  f r e e  s u r f a c e  
and t o  l e a r n  something abou t  b o t h  t h e  d i f f u s i o n  c o e f f i c i e n t  i n  t h e  turbu-  
l e n t  f i l m  and t h e  t h i c k n e s s  of t h e  f i l m .  I n  t h e s e  s t u d i e s ,  i t  was d e s i r e d  
t o  de te rmine  t h e  c o n c e n t r a t i o n  d i s t r i b u t i o n  i n  t h e  t u r b u l e n t  f i l m .  
However, t h e r e  i s  no s e n s o r  s m a l l  enough t o  measure t h e  s t e e p  d i s s o l v e d  
oxygen g r a d i e n t s  which a p p a r e n t l y  e x i s t  i n  t h e  t u r b u l e n t  f i l m .  S i n c e  
s m a l l  t empera tu re  s e n s o r s  a r e  a v a i l a b l e ,  exper iments  were conducted on 
t h e  d i f f u s i o n  of h e a t  i n  a  s i t u a t i o n  somewhat analogous t o  t h a t  f o r  
oxygen a b s o r p t i o n .  I n  a  mixing v e s s e l ,  t h e  a i r  over  t h e  w a t e r  was 
h e a t e d  t o  a  t empera tu re  h i g h e r  t h a n  t h e  w a t e r  t empera tu re .  The t empera tu re  
d i f f e r e n c e  caused h e a t  t o  b e  absorbed by t h e  w a t e r  a t  t h e  f r e e  s u r f a c e  
and t r a n s p o r t e d  downward j u s t  a s  w i t h  oxygen i n  t h e  r e a e r a t i o n  p r o c e s s .  
The s i d e s  of t h e  v e s s e l  were i n s u l a p e d  t o  a s s u r e  t h a t  t r a n s p o r t  of h e a t  
took p l a c e  o n l y  i n  t h e  v e r t i c a l  d i r e c t i o n .  Heat l o s s  was allowed through 
t h e  bot tom of t h e  t a n k  s o  t h a t  a  s t e a d y  s t a t e  t empera tu re  p r o f i l e  developed.  
Under t h e s e  c o n d i t i o n s ,  no h e a t  accumulated a t  any p o i n t ,  s o  t h e  r a t e  o f  
v e r t i c a l  t r a n s p o r t  was t h e  same a t  a l l  p o i n t s  i n  t h e  v e r t i c a l  d i r e c t i o n .  
By analogy t o  Eq. 3 . 1 ,  i t  may b e  s e e n  t h a t  f o r  any two p o i n t s  i n  t h e  
v e r t i c a l  d i r e c t i o n  
where a is  t h e  d i f f u s i o n  c o e f f i c i e n t  f o r  h e a t  and T i s  tempera tu re .  Thus, 
i f  t h e  g r a d i e n t s  a r e  measured a t  two p o i n t s  and i f  a i s  known a t  one p o i n t ,  
t h e n  a may b e  c a l c u l a t e d  a t  t h e  o t h e r  p o i n t .  
The t ank  i n  which t h e  t empera tu re  p r o f i l e s  were measured was 
30 i n .  l o n g  by 16 i n .  wide by 12 i n .  deep. S t a i n l e s s  s t e e l  g r i d s  o s c i l l a t e d  
v e r t i c a l l y  t o  produce mixing.  The s i x  g r i d s  ( f l a t t e n e d  expanded m e t a l ,  
112 i n . ,  No. 16) had a  v e r t i c a l  s p a c i n g  of 1 i n .  (See F i g  3.1.)  The t o p  
g r i d  was a t t a c h e d  t o  t h e  d r i v e  rods  s o  t h a t  t h e  g r i d  could come r i g h t  up 
t o  w a t e r  s u r f a c e  w i t h o u t  b reak ing  t h e  s u r f a c e .  The amount of mixing cou ld  
b e  v a r i e d  by changing t h e  f requency ( a )  of o s c i l l a t i o n  of t h e  g r i d s .  The 
ampl i tude  ( a )  was h e l d  c o n s t a n t  a t  0.85 cm. For a  c o n s t a n t  5 ,  t h e  degree  
of mixing a t  t h e  f r e e  s u r f a c e  could  be  v a r i e d  by changing t h e  d i s t a n c e  (B) 
from t h e  mean p o s i t i o n  o f  t h e  top  s c r e e n  t o  t h e  w a t e r  s u r f a c e .  The w a t e r  
dep th  i n  t h e  mixing v e s s e l  was approximately  7 i n .  
The maximum tempera tu re  d i f f e r e n c e  i n  t h e  w a t e r  was less t h a n  
1°F. It i s  f e l t  t h a t  t h e r e  were no s i g n i f i c a n t  changes i n  f l u i d  p r o p e r t i e s  
a s s o c i a t e d  w i t h  t h i s  r e l a t i v e l y  s m a l l  t empera tu re  d i f f e r e n c e .  
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Fig. 3.1 Schematic Diagram of Mixing Vessel 
For t h e  p a r t i c u l a r  g r i d  used i n  t h e s e  t e s t s ,  t h e  v e r t i c a l  
d i f f u s i o n  c o e f f i c i e n t  i n  t h e  r eg ion  occupied by t h e  g r i d  was known from 
p rev ious  s t u d i e s  [Halaby and Taher,  1962, and Harleman e t  a l ,  19631. 
The tempera ture  s enso r  was a 0.014 i n .  (0.22 mm) d iamete r ,  
g lass -coa ted ,  bead t h e r m i s t o r  (Fenwal E l e c t r o n i c s ,  Framingham, 
Massachuse t t s ,  No. GA51L2 wi th  a  nominal r e s i s t a n c e  of 100,000 ohms a t  
25°C). It was mounted a t  t h e  end of a  0.036 i n .  d iamete r  tube .  The 
s enso r  w a s  one l e g  of a  Wheatstone b r i d g e .  Vol tage a c r o s s  t h e  s enso r  
was determined s o  t h a t  t h e  t h e r m i s t o r ' s  s e l f  h e a t i n g  would be  no more 
t han  O.Ol°C. 
A t y p i c a l  t empera ture  p r o f i l e  i s  shown i n  F ig .  3.2.  The tem- 
p e r a t u r e  d i s t r i b u t i o n s  were e s s e n t i a l l y  two s t r a i g h t  l i n e s .  The t h i cknes s  
(6)  of t h e  t u r b u l e n t  f i l m  was determined by t h e  i n t e r s e c t i o n  of t h e  two 
l i n e s .  From t h e  s l o p e s  of  t h e  two l i n e s  and t h e  known d i f f u s i o n  c o e f f i -  
c i e n t  i n  t h e  r eg ion  occupied by t h e  g r i d s ,  i t  was p o s s i b l e  t o  determine 
t h e  d i f f u s i o n  c o e f f i c i e n t  of h e a t  ( a  ) i n  t h e  t u r b u l e n t  f i l m .  TF 
Nine tests were made f o r  d i f f e r e n t  mixing cond i t i ons .  The o s c i l -  
l a t o r y  speed ( a )  was s e t  a t  100, 200, and 250 rpm and t h e  d i s t a n c e  from 
t h e  mean p o s i t i o n  of t h e  top s c r e e n  t o  t h e  wa t e r  s u r f a c e  ( B )  was s e t  a t  0 .9 ,  
1 .4 ,  and 2.5 cm. I n  a l l  t e s t s ,  t h e  t empera ture  was d i s t r i b u t e d  e s s e n t i a l l y  
as shown i n  Fig .  3.2. That is,  t h e r e  were two l i n e a r  r eg ions  w i th  a sma l l  
t r a n s i t i o n .  The v a l u e s  ob t a ined  f o r  6  and a  a r e  shown i n  F ig s .  3 .3  and TF 
3.4.  The d a t a  i s  somewhat l i m i t e d  and s c a t t e r e d ,  b u t  t h e r e  appear  t o  be  
some conc lus ions  t h a t  can be  reached:  
(1)  A s  t h e  amount of mixing a t  t h e  s u r f a c e  i n c r e a s e h ,  due t o  e i t h e r  
i n c r e a s i n g  t h e  o s c i l l a t o r y  speed o r  dec r ea s ing  t h e  d i s t a n c e  between t h e  
top  s c r e e n  and t h e  s u r f a c e ,  t h e  t h i c k n e s s  of t h e  t u r b u l e n t  f i l m  decreased  
and t h e  magnitude of t h e  d i f f u s i o n  c o e f f i c i e n t  i nc r ea sed .  
(2 )  For t h e  lower degrees  of mixing a t  t h e  s u r f a c e ,  t h e  d i f f u s i o n  c o e f f i -  
c i e n t  i n  t h e  t u r b u l e n t  f i l m  was approximately  equa l  t o  t h e  molecu la r  thermal  
d i f f u s i v i t y .  
(3)  For  h i g h e r  degrees  of mixing, t h e  d i f f u s i o n  c o e f f i c i e n t  i n c r e a s e d  above 
t h e  molecu la r  va lue .  However, even when t h e  t op  s c r e e n  came t o  t h e  s u r f a c e  
a t  t h e  h i g h e s t  p o i n t  i n  i t s  motion (B = 0.9 cm), t h e  l a r g e s t  d i f f u s i o n  
c o e f f i c i e n t  i n  t h e  t u r b u l e n t  f i l m  ( a t  a  = 250 rpm) was s t i l l  only about s i x  
t imes t h e  molecu la r  va lue  o r  about  300 t imes l e s s  t han  t h e  d i f f u s i o n  coef- 




v a l u e ,  t h e  nex t  l a r g e s t  v a l u e  o f  a was about  2 .3  t imes t h e  molecular  T  F  
va lue .  ) 
3.3) REAERAT I O N  EXPERIMENTS i I 
A s  mentioned p r ev ious ly ,  i t  i s  n o t  p o s s i b l e  t o  measure t h e  d e t a i l s  
? 
of t h e  d i s so lved  oxygen concen t r a t i on  i n  t h e  t u r b u l e n t  f i l m .  Thus,  i n  t h e  I 
r e a e r a t i o n  tests, on ly  t h e  t o t a l  r a t e  o f  oxygen a b s o r p t i o n  could be  de t e r -  
mined. Never the less ,  from t h e  r e s u l t s  of t h e  t e s t s  de sc r i bed  below, i t  
seems p o s s i b l e  t o  draw some i n f e r e n c e s  concerning t h e  t u r b u l e n t  f i l m .  
The same mixing v e s s e l  de sc r i bed  p r ev ious ly  (Fig .  3 . 1 )  was used 
i n  t h e  r e a e r a t i o n  t e s t s .  Llater was deae r a t ed  by c i r c u l a t i n g  i t  through 
sp r ay  nozz l e s  i n  a  vacuum tank .  During r e a e r a t i o n ,  t h e  d i s so lved  oxygen 
concen t r a t i ons  were determined by a Beckman membrane e l e c t r o d e  which w a s  
p laced  i n  a  f low c e l l  through which t h e  wate r  from t h e  mixing v e s s e l  was 
c i r c u l a t e d .  The c e l l  w a s  des igned w i th  a  smal l  f low s e c t i o n  a t  t h e  s e n s i -  
t i v e  end of t h e  e l e c t r o d e  s o  t h a t  a  v e l o c i t y  of 8  f p s  would be  mainta ined 
f o r  a  f low of  on ly  0 .5  gpm. Some t e s t s  w i th  t h e  e l e c t r o d e  i n d i c a t e d  t h a t  
i t  might be v e l o c i t y  s e n s i t i v e  up t o  v e l o c i t i e s  of 5  f p s .  The flow r a t e  
of 0 .5  gpm corresponded t o  a  d e t e n t i o n  t ime of about  30 minutes  f o r  t h e  
wa t e r  i n  t h e  mixing v e s s e l .  Since t h e  i n l e t  and o u t l e t  p o r t s  were i n  t h e  
bottom of  t h e  mixing v e s s e l ,  i t  was f e l t  t h a t  any mixing a s s o c i a t e d  wi th  
t h e  f low through t h e  e l e c t r o d e  flow c e l l  would be  n e g l i g i b l e  compared t o  
t h e  mixing caused by t h e  o s c i l l a t i n g  g r i d s .  
T e s t s  were run a t  25OC f o r  v a r i o u s  va lue s  o f  0 and B. For t h e  
t a p  wa t e r  used,  t h e  s a t u r a t i o n  concen t r a t i on  was determined by Winkler 
t e s t s  t o  b e  8.00 mg/l .  The measured concen t r a t i ons  were p l o t t e d  i n  terms 
of d e f i c i t  on semilog paper  t o  o b t a i n  k  i n  accordance w i th  Eq. 1 . 2 .  2  
Knowing t h e  dep th ,  % w a s  c a l c u l a t e d  (Eq. 2.5) and t h e  r e s u l t s  a r e  shown 
i n  F ig .  3 . 5 .  
The h e a t  d i f f u s i o n  tests i n d i c a t e d  t h a t  a was approximately  TF 
equa l  t o  t h e  molecular  h e a t  d i f f u s i v i t y  a t  a = 100 rpm and B = 2.5 cm. 
I f  i t  is  assumed t h a t  t h e  d i f f u s i o n  c o e f f i c i e n t  i n  t h e  t u r b u l e n t  oxygen 
f i l m  was equa l  t o  t h e  molecular  oxygen d i f f u s i v i t y  f o r  t h e  same v a l u e s  of 
0 and B,  i t  i s  p o s s i b l e  t o  c a l c u l a t e  t h e  f i l m  t h i c k n e s s  f o r  t h a t  cond i t i on  
2  (Eq. 3 . 2 ) .  Taking t h e  molecular  d i f f u s i v i t y  as 0.0000241 cm / s e c  a t  25OC 
[Camp, 19581, 6  f o r  t h e  r e a e r a t i o n  process  was c a l c u l a t e d  t o  b e  0.27 mm. i 
T h i s  v a l u e  i s  approximately  20 t imes s m a l l e r  t han  t h e  6-value f o r  h e a t  1 I 
I 
abso rp t i on  f o r  t h e  same mixing cond i t i ons .  (See Sec t i on  3 .4  a l s o . )  

3.4)  BOUNDARY LAYER CONCEPTS 
There  i s  a  l a r g e  amount of in format ion  i n  t h e  l i t e r a t u r e  on 
momentum, mass, and h e a t  boundary l a y e r s .  The analogy between t r a n s f e r  
of momentum, mass, and h e a t  i s  d i s cus sed  by Bi rd  e t  a 1  [1960], Hinze [1959],  
and S c h l i c h t i n g  [1960].  No a t t empt  i s  made h e r e  t o  g i v e  a  comprehensive 
review of  r e l a t e d  m a t e r i a l .  Ra ther ,  t h e  purpose is  t o  c i t e  s u f f i c i e n t  
d a t a  t o  e s t a b l i s h  t h e  f a c t  t h a t  t h e  t h i c k n e s s  of mass and h e a t  boundary 
l a y e r s  depends r e s p e c t i v e l y  on t h e  Schmidt and P r a n d t l  numbers, a s  w e l l  
a s  on mixing cond i t i ons .  Since t h e  t u r b u l e n t  s u r f a c e  f i l m  i n  gas  ab so rp t i on  
can a l s o  b e  viewed a s  a mass boundary l a y e r ,  i t  should  t hen  be  expected 
t h a t  t h e  t h i c k n e s s  of t h e  t u r b u l e n t  s u r f a c e  f i l m  a l s o  v a r i e s  w i th  t h e  
Schmidt number a s  w e l l  a s  w i t h  mixing cond i t i ons .  The f a c t  t h a t  t h e  f i l m  
i s  indeed a  boundary l a y e r  i s  ev iden t  j u s t  from t h e  d e f i n i t i o n  of a  
boundary l a y e r  [ S c h l i c h t i n g ,  19601. However, t h i s  is f u r t h e r  s u b s t a n t i -  
a t e d  by t h e  d a t a  o f  Thackston and Krenkel [I9691 a s  r ep r e sen t ed  by Eq. 2.10. 
Using t h e  d i f f u s i o n  model and Eqs. 2.5 and 3.2 and u s ing  t h e  Darcy-Weisbach 
equa t i on  (wi th  t h e i r  f r i c t i o n  f a c t o r  f )  t o  r e p r e s e n t  t h e  f r i c t i o n  s l o p e ,  
Eq. 2.10 can be  manipulated t o  g i v e  
* 
i n  which 8 i s  t h e  t h i c k n e s s  of t h e  t u r b u l e n t  f i l m ,  D i s  t h e  d i f f u s i o n  TF 
c o e f f i c i e n t  i n  t h e  f i l m ,  U is  t h e  average v e l o c i t y  and h  i s  t h e  average f low 
depth.  Th is  equa t i on  i s  s i g n i f i c a n t  i n  t h a t  i t  shows t h a t  t h e  f i l m  th i cknes s  
* 
depends on f  and Uh/DTF i n  t h e  same way t h a t  the. t h i c k n e s s  of t h e  v i s cous  
sub l aye r  depends on f  and t h e  Reynolds number [ S c h l i c h t i n g ,  19601. Th i s  
i s  an  e m p i r i c a l  v e r i f i c a t i o n  t h a t  t h e  t u r b u l e n t  s u r f a c e  f i l m  behaves a s  a  
boundary l a y e r .  
Data from t h e  l i t e r a t u r e  can be  used t o  show t h e  dependence of 
t h e  t h i c k n e s s  of mass and h e a t  boundary l a y e r s  on t h e  Schmidt number (Sc) 
and t h e  P r a n d t l  number ( P r ) ,  where 
where D ' ~  i s  t h e  molecu la r  mass d i f f u s i v i t y  and a i s  t h e  molecu la r  h e a t  
m m 
d i f f u s i v i t y .  The example which i s  used i s  t h a t  of mass and h e a t  s u b l a y e r s  
i n  e s t a b l i s h e d  p i p e  flow. Some d a t a  i s  g iven  i n  F i g .  3 .6  and Tab le  3.1.  
The p o i n t s  1 through 9  ( F i g .  3 .6)  f o r  h e a t  t r a n s f e r  were o b t a i n e d  by 
d e f i n i n g  t h e  edge of t h e  s u b l a y e r  as t h e  l o c a t i o n  of t h e  maximum of measured 
t u r b u l e n t  h e a t  f l u c t u a t i o n s  [ S c h l i c h t i n g ,  19601. The s o l i d  c u r v e s  f o r  h e a t  
t r a n s f e r  were  o b t a i n e d  from s i m i l a r  curves  g iven  by Bi rd  e t  a 1  [I9601 i n  
terms of t h e  N u s s e l t  number, Nu. Using a  d i f f u s i o n  model f o r  t h e  p i p e ,  i t  
can b e  shown t h a t  
where 6 i s  t h e  s u b l a y e r  t h i c k n e s s  f o r  p i p e  flow and d  i s  t h e  p i p e  d iamete r .  
P  
I n  a p p l y i n g  t h e  d i f f u s i o n  model t o  t h e  p i p e ,  i t  was assumed t h a t  t h e  con- 
c e n t r a t i o n  d i s t r i b u t i o n  a c r o s s  t h e  p i p e  d iamete r  was uniform i n  t h e  c e n t r a l  
p a r t  of t h e  p i p e  and had a  s t e e p  g r a d i e n t  i n  t h e  f i l m  o r  s u b l a y e r  n e x t  t o  
t h e  p i p e  w a l l .  Measured t empera tu re  d i s t r i b u t i o n s  i n d i c a t e  t h a t  t h i s  assumed 
d i s t r i b u t i o n  i s  a  b e t t e r  approximat ion a s  t h e  P r a n d t l  number i n c r e a s e s  [Rust  
and Sesonskee ,1966] .  By analogy,  t h e  same i s  probably  t r u e  f o r  mass con- 
c e n t r a t i o n  d i s t r i b t u i o n s  a s  t h e  Schmidt number i n c r e a s e s .  I t  was f u r t h e r  
assumed t h a t  t h e  d i f f u s i o n  c o e f f i c i e n t  i n  t h e  s u b l a y e r  was e q u a l  t o  t h e  
molecu la r  v a l u e .  
Son and H a n r a t t y  [I9671 summarize mass t r a n s f e r  d a t a  from s e v e r a l  
s o u r c e s ,  u s i n g  a  d imens ion less  mass t r a n s f e r  c o e f f i c i e n t  T. Again, app ly ing  
t h e  d i f f u s i o n  model, i t  can be  seen  t h a t  6 i s  r e l a t e d  t o  t h e i r  c o e f f i c i e n t  
P  
6 
P= l / Z -  
d  R e S c T  8 
where Re i s  t h e  p i p e  Reynolds number, and f  i s  t h e  Darcy-Weisbach f r i c t i o n  
f a c t o r .  
I t  may b e  s e e n  from Fig .  3 . 6 t h a t  a s  t h e  Schmidt o r  P r a n d t l  numbers 
i n c r e a s e  f o r  c o n s t a n t  Reynolds number, t h e  t h i c k n e s s  of t h e  s u b l a y e r  de- 
c r e a s e s .  Also,  f o r  c o n s t a n t  Sc o r  P r ,  t h e  s u b l a y e r  t h i c k n e s s  d e c r e a s e s  a s  
t h e  Reynolds number i n c r e a s e s .  The i n f o r m a t i o n  i n  F ig .  3 .6  (and much more 
6P - = Relative Sublayer Thickness 
d 
Table  3 . 1  
SUBLAYER PARAMETERS I N  PIPE FLOW 
P o i n t  i n  
F i g .  3.6 Reference 
Bobkov e t  a l l  [I9551 0.025 
H o c h r e i t e r  & Sesonskee [I9691 0.026 
Rust  & Sesonskee [196n] 0.018 
Son & H a n r a t t y  [1967] ,  F i g .  1 410 
11  410 
1 1  89 0  
1 8  Son & H a n r a t t y  [1967] ,  Table  1 2400 
1 9  Son & H a n r a t t y  [1967] ,  Table  2  9  00 
a )  6 /d  o b t a i n e d  from l o c a t i o n  of maximum tempera tu re  f l u c t u a t i o n s  
P  
b) Maximum f l u c t u a t i o n  was c l o s e r  t o  w a l l  than could  b e  measured 
c )  6 /d  o b t a i n e d  from mass t r a n s f e r  c o e f f i c i e n t  (Eq. 3 .8)  
P  
d )  These p o i n t s  a r e  f o r  t h e  momentum s u b l a y e r  t h i c k n e s s  and were c a l c u l a t e d  
from 6 = 1 1 , 6 v / ( s h e a r  v e l o c i t y ) .  The p o i n t s  a r e  p l o t t e d  a t  a  v a l u e  o f  
P 
u n i t y  on t h e  a b s c i s s a  s i n c e  t h e  cor responding  d imens ion less  number would 
b e  v/v = 1. 
Notes 
s i m i l a r  in format ion  i n  t h e  l i t e r a t u r e )  c l e a r l y  i n d i c a t e s  t h a t  t h e  t h i cknes s  
of t h e  s u b l a y e r  i n  t u r b u l e n t  p i p e  flow depends n o t  on ly  on Reynolds number 
( i . e .  mixing cond i t i ons )  bu t  a l s o  on t h e  Schmidt number o r  P r a n d t l  number 
of t h e  q u a n t i t y  be ing  t r an spo r t ed .  S ince  t h e  t u r b u l e n t  s u r f a c e  f i l m  i n  gas  
ab so rp t i on  problems i s  a l s o  a boundary l a y e r ,  t h e r e  appears  t o  be adequate  
j u s t i f i c a t i o n  f o r  expec t ing  t h a t  t h e  t h i cknes s  of t h e  t u r b u l e n t  f i l m  depends 
on Schmidt number a s  w e l l  a s  mixing cond i t i ons .  Th is  a l s o  exp l a in s  why t h e  
t u r b u l e n t  f i l m  th i cknes s  f o r  h e a t  was much g r e a t e r  than  t h a t  f o r  oxygen i n  
t h e  exper iments  c i t e d  above i n  Sec t i ons  3.2 and 3.3, namely t h a t  t h e  P r a n d t l  
number f o r  wa t e r  is  much l e s s  t han  t h e  Schmidt number f o r  oxygen i n  wa t e r .  
F i g u r e  3.6 i n d i c a t e s  f o r  f low i n  smooth p ipe s  t h a t  6 /d f o r  t h e  
P 
mass sub l aye r  v a r i e s  approximately  a s  t h e  n e g a t i v e  one-quar te r  power of t h e  
Schmidt number f o r  400 < Sc < 2500 f o r  cons t an t  hydrodynamic o r  mixing condi- 
t i o n s .  There i s  n o t  n e c e s s a r i l y  any b a s i s  f o r  assuming t h a t  t h e  t h i c k n e s s  
of t h e  t u r b u l e n t  s u r f a c e  f i l m  has  t h e  same r e l a t i v e  numerical  dependence on 
Schmidt number. Never the less ,  i f  t h i s  assumption i s  made, t h e r e  would be  
approximately  a 25% d i f f e r e n c e  i n  6 f o r  helium and n i t r o g e n ,  and t h e  t echn ique  
used t o  c a l c u l a t e  s u r f a c e  renewal r a t e s  [Dobbins, 1962 and 19641 would appear  
t o  b e  open t o  s e r i o u s  ques t i on .  
3 .5)  SUMMARY 
I n  t u r b u l e n t  wate r ,  t u rbu l ence  e x i s t s  a t  t h e  f r e e  s u r f a c e .  Thus, 
t h e  concept of a s t a g n a n t  f i l m  i n  r e a e r a t i o n  o r  gas  ab so rp t i on  i s  n o t  v a l i d .  
However, i t  i s  p o s s i b l e  t o  r e p r e s e n t  t h e  t r a n s p o r t  downward from t h e  f r e e  
s u r f a c e  i n  terms of  a d i f f u s i o n  model f o r  t u r b u l e n t  f low i n  a manner s i m i l a r  
t o  o t h e r  t r a n s p o r t  problems i n  t u r b u l e n t  f low. I n  t h i s  model, t h e  s t a g n a n t  
f i l m  i s  r ep l aced  by an oxygen boundary l a y e r  o r  a " t u rbu l en t  s u r f a c e  fi lm". 
Experiments i n d i c a t e  t h a t  even w i th  t u rbu l ence  i n  t h e  f i l m ,  t h e  d i f f u s i o n  
c o e f f i c i e n t  i n  t h e  f i l m  is  approximately  equa l  t o  t h e  molecu la r  va lue  f o r  
low mixing r a t e s .  F u r t h e r ,  t h e  t h i cknes s  of t h e  f i l m  v a r i e s  wi th  t h e  Schmidt 
number a s  w e l l  as w i th  t h e  mixing cond i t i ons .  
CHAPTER 4  
ANALYTICAL WORK - 
I n  t h i s  c h a p t e r ,  some a n a l y t i c a l  s o l u t i o n s  f o r  t h e  one- 
d imens iona l  v e r t i c a l  d i s t r i b u t i o n  of oxygen under v a r i o u s  c o n d i t i o n s  
a r e  p r e s e n t e d .  These s o l u t i o n s  were d e r i v e d  from t h e  v e r t i c a l  mass 
b a l a n c e  e q u a t i o n  f o r  oxygen which can b e  w r i t t e n  a s  [Bi rd  e t  a l ,  19601 
* 
where c  i s  t h e  oxygen c o n c e n t r a t i o n ,  D i s  t h e  d i f f u s i o n  c o e f f i c i e n t  i n  
t h e  v e r t i c a l  (y)  d i r e c t i o n ,  t i s  t ime ,  and r i s  a  term t o  r e p r e s e n t  t h e  
r a t e  a t  which oxygen i s  u t i l i z e d  p e r  u n i t  mass. Assuming t h e  oxygen 
s a t u r a t i o n  c o n c e n t r a t i o n  ( c  ) t o  b e  c o n s t a n t ,  Eq. 4 .1  may b e  w r i t t e n  a s  
S 
where d  i s  t h e  oxygen d e f i c i t  which i s  e q u a l  t o  c -c .  A lower  c a s e  l e t t e r  
S 
(d )  i s  used t o  i n d i c a t e  t h e  d e f i c i t  a s  a  f u n c t i o n  '3f y  a s  w e l l  a s  t .  The 
c a p i t a l  l e t t e r  (D) i s  used l a t e r  f o r  t h e  average  d e f i c i t  over  t h e  d e p t h .  
E q .  4 . 1  and 4.2 app ly  most d i r e c t l y  t o  wa te r  i n  mi>.ing v e s s e l  of c o n s t a n t  
dep th  (h )  and w i t h  homogeneous mixing i n  h o r i z o n t a l  p l a n e s .  However, t o  
make a p p l i c a t i o n s  t o  s t r e a m s ,  i t  g e n e r a l l y  i s  p o s s i b l e  t o  i n t e r p r e t  t a s  
t h e  f low t i m e ,  i . e .  a s  l o n g i t u d i n a l  d i s t a n c e  d i v i d e d  by mean v e l o c i t y .  i n  
such a  c a s e ,  i t  should be  no ted  t h a t  t h e  p r e v i o u s l y  mentioned assumptions  
of c o n s t a n t  dep th  and homogeneous mixing a r e  s t i l l  imk~l ied .  
4.1) NO OXYGEN DEMAND 
4.1 .1)  Exact S o l u t i o n  
With no oxygen demand, r i n  Eqs. 4 . 1  and 4 .2  i s  z e r o .  For conven- 
i e n c e ,  t h e  y  c o o r d i n a t e  i s  t a k e n  a s  b e i n g  p o s i t i v e  upward w i t h  y  = 0  a t  t h e  
bottom of t h e  w a t e r .  Using t h e  d i f f u s i o n  model d i s c u s s e d  i n  Chapter  3  i t  i s  
assumed t h a t  t h e r e  i s  a  t u r b u l e n t  s u r f a c e  f i l m  of t h i c k n e s s  6 and t h a t  t h e  
r a t e  of oxygen t r a n s p o r t  through t h e  f i l m  i s  g iven  by Eq. 2 .3  w i t h  t h e  d e f i c i t  
i n  t h a t  equa t i on  be ing  t h e  d e f i c i t  a t  t h e  lower edge of t h e  f i l m  s o  
t h a t  
Because t h e  f i l m  th i cknes s  6 is  ve ry  small, i t  i s  accep t ab l e  t o  t a k e  y  = h  
a t  t h e  bottom of t h e  f i l m  r a t h e r  t han  t h e  a c t u a l  wa t e r  s u r f a c e .  The oxygen 
which comes through t h e  f i l m  must b e  t r a n s p o r t e d  away by d i f f u s i o n  below 
t h e  f i l m  s o  t h a t  
Th is  cond i t i on  i s  taken  a s  t he  boundary c o n d i t i o n  which t h e  s o l u t i o n  of 
Eq. 4.2 must s a t i s f y  a t  y  = h .  A t  y  = 0 ,  t h e  boundary c o n d i t i o n  i s  
i n  o rde r  f o r  t h e r e  t o  b e  no t r a n s p o r t  of oxygen o u t  of t h e  bottom of t h e  
wa t e r .  I n i t i a l l y ,  a t  t = 0 ,  l e t  t h e  d i s t r i b u t i o n  of d  be  uniform w i t h  
F u r t h e r ,  assuming t h a t  t h e  d i f f u s i o n  c o e f f i c i e n t  i s  cons t an t  i n  t h e  r eg ion  
O<y<h, s t a n d a r d  techn iques  [Carslaw and J a e g e r ,  19591 may be  used t o  show 
t h a t  t h e  s o l u t i o n  t o  Eq. 4 .2  i s  
where t h e  d imens ion less  parameters  a r e  
and t h e  v a l u e s  of @ a r e  t h e  non-negative r o o t s  of 
n  
where 
(Note t h a t  t h i s  a i s  complete ly  d i f f e r e n t  from t h e  a of Eq. 2.12.) 
Eq. 4 .7  may b e  used t o  c a l c u l a t e  t h e  d e f i c i t  o r  c o n c e n t r a t i o n  
f o r  a  p a r t i c u l a r  s i t u a t i o n  a s  a  f u n c t i o n  of y  and t by s p e c i f y i n g  v a l u e s  
2's 
f o r  h ,  D , and KL. Such a  computation i n v o l v e s  t h e  i n d i c a t e d  summation 
and t h i s  can be  performed n u m e r i c a l l y  w i t h  v e r y  l i t t l e  d i f f i c u l t y .  However, 
i t  i s  u s u a l l y  t h e  c a s e  t h a t  a l l  b u t  t h e  f i r s t  term of t h e  i n f i n i t e  s e r i e s  
a r e  n e g l i g i b l e ,  a s  shown below. When t h i s  i s  t h e  c a s e ,  i t  i s  p o s s i b l e  t o  
s i m p l i f y  t h e  s o l u t i o n  s o  t h a t  i t  i s  n o t  n e c e s s a r y  t o  use  numer ica l  computa- 
t i o n s  t o  g a i n  some i n s i g h t  i n t o  t h e  v e r t i c a l  d i s t r i b u t i o n  of oxygen. 
4.1.2) Approximate S o l u t i o n  
The v a l u e  of a  i s  normal ly  much l e s s  t h a n  u n i t y .  F u r t h e r ,  on 
t h e  b a s i s  of Thackston and K r e n k e l ' s  e q u a t i o n  (Eq. 2.10), a  h a s  an  essen-  
t i a l l y  c o n s t a n t  v a l u e  f o r  open channel  f lows  of c l e a n  w a t e r .  T h i s  can 
b e  demonstra ted a s  f o l l o w s :  ( a )  Assume a  z e r o  Froude number ( i . e .  a  
h o r i z o n t a l  w a t e r  s u r f a c e )  i n  Eq. 2.10.  (b )  M u l t i p l y  Eq. 2.10 by 2.3h t o  
* 
conver t  k  t o  Z .  ( c )  Take D = huk/15 [Harleman and H o l l e y ,  19631. 
Recognizing t h a t  u* = I/ghS f o r  two dimensional  f low,  s u b s t i t u t i o n  i n t o  
Eq. 4.10 g i v e s  
From t h i s  v a l u e  of a, @ i s  approx imate ly  na  f o r  n > l  s o  t h a t  
n  
s i n @  i s  approximately  z e r o  f o r  n > l .  Thus,  Eqs. 4.7 and 4.9 may be w r i t t e n  
n  
r e s p e c t i v e l y  as 
d 2  sinBlcos ( @ l ~ )  
- -  - 4 exp (-B1~) f o r  a < < l  2B1 + sin(201) 4.12 Do 
and 
s i n c e  tanBl f o r  sma l l  a.  A f t e r  expanding t h e  t r i gonome t r i c  terms i n  
E q .  4.12 i n  power s e r i e s ,  mu l t i p ly ing  and d i v i d i n g  t h e  s e r i e s ,  and r e t a i n i n g  
2 
only terms of o r d e r  B t h e  approximate s o l u t i o n  becomes 1 ' 
E q .  4.14 may now b e  used d i r e c t l y  t o  e s t i m a t e  t h e  v e r t i c a l  v a r i a -  
t i o n  of d e f i c i t .  For example, d i f f e r e n t i a t i o n  g i v e s  t h e  d imens ion less  
v e r t i c a l  g r a d i e n t  a s  
Also,  t h e  r a t i o  of t h e  d e f i c i t  a t  t h e  bottom of t h e  f i l m  (0 = 1 )  and a t  t h e  
bottom of t h e  wate r  (0 = 0 )  a t .  any t ime i s  
For t h e  v a l u e  a = 0.0043 c i t e d  p r ev ious ly ,  t h e  d e f i c i t  v a r i e s  by on ly  0.2% 
over  t h e  dep th .  This  i n d i c a t e s  t h e  d i f f i c u l t y  of t r y i n g  t o  measure v e r t i c a l  
g r a d i e n t s  of oxygen i n  t u r b u l e n t  s t reams .  
4.1.3) Average D e f i c i t  
If Eq.  4.14 is  averaged over  t h e  dep th  h and t h e  average va lue  
of d i s  w r i t t e n  a s  D, t h en  t h e  r e s u l t  may be  w r i t t e n  a s  
a f t e r  s u b s t i t u t i n g  f o r  6 from Eqs. 4.13,  4 .10,  and 2 .5 ,  and f o r  T 1 
from Eq. 4 .8 .  The e x p r e s s i o n  n o r m a l l ~ r  used i n  a n a l y z i n g  r e a e r a t i o n  
problems i s  Eq. 1 . 2 :  
= exp (-K2t) D 
0 
The d i f f e r e n c e  between Eqs. 4.17 and 1 .2  i s  t h e  b r a c k e t e d  term i n  Eq. 4.17.  
Th is  i s  t h e  term which embodies t h e  e f f e c t s  of hdving cons idered  t h e  d e f i c i t  
t o  b e  a v a r i a b l e  w i t h  dep th ,  and t h u s  i s  an  i n d i c a t i o n  of t h e  magnitude of 
e r r o r  i f  t h e  d e f i c i t  i s  assumed t o  b e  uniform w i t h  dep th .  Again u s i n g  
a = 0.0043, t h e  e r r o r  i n d i c a t e d  by t h e  b r a c k e t e d  term i s  0.1%.  Thus, t h i s  
a n a l y s i s  v e r i f i e s  t h a t  no s i g n i f i c a n t  e r r o r  i s  i n t r o d u c e d  i n  t h e s e  s i t u a -  
t i o n  by assuming t h e  d e f i c i t  t o  b e  c o n s t a n t  over  t h e  dep th .  
4 .2)  SODIUM SLTLFITE 
It i s  w e l l  known t h a t  t h e  p resence  of chemicals  such a s  c a t a l y z e d  
sodium s u l f i t e  can i n c r e a s e  t h e  r a t e  of a b s o r p t i o n  of oxygen. T h i s  s e c t i o n  
p r e s e n t s  some a n a l y t i c a l  c o n s i d e r a t i o n s  r e l a t e d  t o  t h e  mechanics by which 
t h e  p r e s e n c e  of sodium s u l f i t e  i n f l u e n c e s  t h e  a b s o r p t i o n  r a t e .  
4 .2 .1)  F i n i t e  Reac t ion  Ra te  
F i r s t ,  assume t h a t  t h e  r e a c t i o n  r a t e  between oxygen and s u l f i t e  
i s  ex t remely  r a p i d ,  bu t  f i n i t e .  When an e x c e s s  of s u l f i t e  i s  p r e s e n t ,  t h e  
oxygen c o n c e n t r a t i o n  below t h e  f i l m  i s  e s s e n t i a l l y  zero  and a  s t e a d y  s t a t e  
c o n c e n t r a t i o n  can develop i n  t h e  f i l m  ( a c / a t  i n  Eq. 4 . 1  i s  z e r o ) .  As 
mentioned i n  S e c t i o n  2.4, t h e  r e a c t i o n  r a t e  between oxygen and s u l f i t e  i s  
independent  of s u l f i t e  c o n c e n t r a t i o n  over  a  wide range ,  s o  r i n  Eq. 4 .1  
can b e  w r i t t e n  a s  r = K c, where K i s  c o n s t a n t  and g iven  approximately  
S S 
- 1 J< 
a s  37,000 s e c  [Wes te r te rp  e t  a l ,  19631. Assuming D t o  b e  c o n s t a n t ,  
Eq. 4 . 1  may b e  w r i t t e n  a s  
Taking t h e  boundary c o n d i t i o n s  a s  c  = c  a t  y  = 0  ( f r e e  s u r f a c e )  and c  = 0  
S 
a t  y  = 6 (bottom of f i l m  w i t h  s u l f i t e ) ,  t h e  s o l u t i o n  t o  Eq. 4 .18 i s  
S 
C 
s i n h  b ( l - ~ / 6 ~ )  
- - 
c s i n h b  
s 
where 
For f o u r  va lue s  of b y  t h i s  s o l u t i o n  i s  shown i n  F ig .  4 . 1  
The a b s o r p t i o n  r a t e  i s  e q u a l  t o  t h e  mass f l u x  by d i f f u s i o n  a t  
t h e  s u r f a c e .  Thus, t h e  i n c r e a s e  i n  a b s o r p t i o n  r a t e  due t o  t h e  s u l f i t e  
must be  caused by a  s t e epen ing  of t h e  concen t r a t i on  g r a d i e n t  w i t h  s u l f i t e  
a s  compared t o  t h e  s i t u a t i o n  wi thout  s u l f i t e .  Th is  s t e epen ing  can t a k e  
p l a c e  i n  two ways: (1)  With a  l i n e a r  concen t r a t i on  d i s t r i b u t i o n ,  t h e  g r a d i e n t  
would b e  g r e a t e r  i f  t h e  s u l f i t e  caused a  dec r ea se  i n  t h e  f i l m  th i cknes s .  
(2) Without changing 6 ,  t h e  g r a d i e n t  can be  i nc r ea sed  by t h e  s u l f i t e ' s  
caus ing  a curved concen t r a t i on  d i s t r i b u t i o n .  (See F ig .  4 .1 ) .  Of cou r se ,  
a  combination of dec r ea sed6  and curved concen t r a t i on  d i s t r i b u t i o n  can occur .  
It can b e  s een  t h a t  f o r  b>5 ,  t h e  meaning of t h e  f i l m  t h i c k n e s s  becomes a  
b i t  obscure  s i n c e  t h e  oxygen concen t r a t i on  goes t o  e s s e n t i a l l y  ze ro  f o r  
y ~ 6 ~ .  A t  t h i s  t ime,  i t  does n o t  appear  t o  be  p o s s i b l e  t o  d i s t i n g u i s h  which 
of t h e s e  two ways i s  a s s o c i a t e d  w i th  t h e  i nc r ea sed  a b s o r p t i o n  r a t e  due t o  
s u l f i t e .  Th is  p o i n t  i s  d i s cus sed  f u r t h e r  below. 
The mass f l u x  of oxygen a t  t h e  s u r f a c e  w i th  s u l f i t e  p r e s e n t  i s  
* 
D c  b 
= -AD - S = A -  % * f I,o ti s t anh  b  
where A i s  t h e  s u r f a c e  a r e a .  The corresponding mass f l u x  w i t h  no s u l f i t e  
i s  g iven  by Eq. 2 .1  w i th  C = 0 .  Taking t h e  r a t i o  of t h e s e  two q u a n t i t i e s  
g ive s  
* mass f l u x  w i th  s u l f i t e  = - 6 b  
= mass f l u x  wi thout  s u l f i t e  6s  tanh b  4.22 
where 6 i s  t h e  f i l m  t h i c k n e s s  w i thou t  s u l f i t e  and 6 i s  w i th  s u l f i t e .  I f  
S 
y/E, = Relative Vertical Distance 
b is  l a r g e  enough C>2.5), tanh b  w i l l  b e  approximately  u n i t y .  Then i 
Eqs. 4.20 and 4.22 g ive  
* 
By measuring a b s o r p t i o n  r a t e s  t o  de te rmine  q  , one of t h e  q u a n t i t i e s  on 
t h e  r ight-hand s i d e  of Eq. 4 .23  can be  c a l c u l a t e d  i f  t h e  o t h e r  two a r e  
* 
known. Data i n  Sec t i on  5 . 3  (F ig .  5.3) g i v e s  q  as approximately  1 8  f o r  1 
a  10-in.  dep th .  Taking t he  p r ev ious ly  quoted v a l u e  f o r  K (37,000 sec-'1 1 
* 2 S 
and assuming t h a t  D i s  t h e  molecular  v a l u e  (0.00002 cm / s e c )  g i v e s  
1 
6 = 0.0004 cm. Using t h i s  v a l u e  i n  Eq. 2.2 t o  c a l c u l a t e  K w i thou t  s u l f i t e  f L j 
g i v e s  K = 0.05 cm/sec, aga in  us ing  t h e  molecular  d i f f u s i v i t y .  Th is  v a l u e  L 
of 5 i s  e q u a l  t o  about  0 . 6  of t h e  average  measured v a l u e  (F ig .  5 .3 ) .  Consid- 1 
e r i n g  t h e  s c a t t e r  i n  t h e  d a t a  and t h e  assumptions  made above, t h i s  would i 




f o r  K and D . I f  t h e  same a n a l y s i s  i s  a p p l i e d  t o  OIConnor and Dobbins i 
s 
d a t a  (F ig .  2 .2 )  f o r  o = 45 rpm, approximately  t h e  same agreement i s  found. 
I n  t h e s e  examples,  on ly  t h e  lowest  degree  of mixing was cons idered  s i n c e  
t h i s  should  come n e a r e s t  to. s a t i s f y i n g  t h e  assumption of a  molecular  
d i f f u s i v i t y  i n  t h e  f i l m .  
Unfo r tuna t e ly ,  n e i t h e r  Eq.4.21 no r  4.22 can be used t o  e s t i m a t e  
t h e  f i l m  t h i c k n e s s  w i th  s u l f i t e  (6 ) because t h e  6 i n  t h e  denominator 
s s 
cance l s  w i t h  t h e  6s i n  b  i n  t h e  numerator.  Eq. 4 .21 can be r e w r i t t e n  a s  
assuming tanh  b  e l .  This  i n d i c a t e s  t h a t  q  should change r e l a t i v e l y  
s 
s lowly w i t h  changing mixing cond i t i ons  s i n c e  K should b e  c o n s t a n t  and 
* S 
D should  change s lowly on t h e  b a s i s  on t h e  d i s c u s s i o n  i n  S e c t i o n  3.2. 
* 
F u r t h e r  qs changes on ly  a s  t h e  s q u a r e  r o o t  of D . The d a t a  of OIConnor 
* 
and Dobbins i n d i c a t e s  about  a 50% i n c r e a s e  i n  D ove r  t h e  range of t h e i r  
t e s t s  (F ig .  2.2) us ing  Eq. 4.24 and assuming A t o  be c o n s t a n t .  
S i m i l a r l y ,  Eq. 4 .23 g i v e s  some i n s i g h t  i n t o  t h e  behav ior  of t h e  1 ?k 
r a t i o  q  . Eq 4.23 can be  r e -wr i t t en  as 
which shows t h a t  as mixing i n c r e a s e s  ( i . e .  a s  %, t h e  a b s o r p t i o n  c o e f f i c i e n t  
w i t h o u t  s u l f i t e  i n c r e a s e s ) ,  t h e  r a t i o  q* s h o u l d  d e c r e a s e .  T h i s  i s  i n  accord-  
ance  w i t h  t h e  d a t a  of  O'Connor and Dobbins ( F i g .  4 . 2 ) .  
The p reced ing  a n a l y s i s  seems t o  b e  e s s e n t i a l l y  c o n s i s t e n t  w i t h  
t h e  d a t a  a v a i l a b l e ,  as mentioned.  However, t h e r e  i s  one a s p e c t  of  t h e  
problem which h a s  n o t  been c o n s i d e r e d ,  namely, t h e  need f o r  s u l f i t e  t o  b e  
t r a n s p o r t e d  from t h e  b u l k  of t h e  w a t e r  toward t h e  f r e e  s u r f a c e  i n  o r d e r  t o  
s u p p o r t  t h e  o x y g e n - s u l f i t e  r e a c t i o n .  T h i s  a s p e c t  cou ld  b e  i n c l u d e d  i n  t h i s  
a n a l y s i s  assuming a f i n i t e  r e a c t i o n  r a t e ,  b u t  i t  i s  somewhat s i m p l e r  t o  do 
i t  assuming a n  i n f i n i t e  r e a c t i o n  r a t e  a s  i s  done i n  t h e  n e x t  s e c t i o n .  
4.2.2) I n f i n i t e  Reac t ion  Ra te  
The r a t e  of r e a c t i o n  between d i s s o l v e d  oxygen and c a t a l y z e d  sodium 
s u l f i t e  i s  s o  r a p i d  t h a t  i t  can e f f e c t i v e l y  b e  assumed t o  t a k e  p l a c e  i n s t a n t a -  
neous ly  o r  i n f i n i t e l y  f a s t .  Under t h i s  a s sumpt ion ,  i t  i s  n o t  p o s s i b l e  f o r  
oxygen and s u l f i t e  t o  b o t h  b e  p r e s e n t  s i m u l t a n e o u s l y  a t  t h e  same p l a c e  i n  
t h e  w a t e r .  Then i t  i s  somewhat e a s i e r  t o  v i s u a l i z e  t h e  d i s t r i b u t i o n s  of  
oxygen and s u l f i t e .  I n  an  i d e a l i z e d  p i c t u r e ,  t h e y  would b e  a s  shown i n  
F ig .  4 . 3  w i t h  oxygen b e i n g  absorbed a t  t h e  s u r f a c e  and d i f f u s i n g  downward 
t o  a  p l a n e  where i t  r e a c t s  w i t h  t h e  s u l f i t e .  S i m i l a r l y ,  t h e  s u l f i t e  d i f f u s e s  
upward. S i n c e  a l l  of t h e  r e a c t i o n  t a k e s  p l a c e  a t  t h i s  one p l a n e  t h e  d i s t r i b u -  
t i o n s  o f  b o t h  c  and s a r e  l i n e a r  a t  s t e a d y  s t a t e  i f  t h e  d i f f u s i o n  c o e f f i -  
c i e n t s  a r e  c o n s t a n t .  (See ,  f o r  example,  B i r d  e t  a 1  [1960] . )  A s o l u t i o n  
can b e  o b t a i n e d  f o r  t h e  uns teady  s t a t e  d i f f u s i o n  of s u l f i t e  i n  a f a s h i o n  
s i m i l a r  t o  t h a t  g i v e n  i n  S e c t i o n  4.3.  Such a  s o l u t i o n  i n d i c a t e s  t h a t  t h e  
d e v i a t i o n  from a  l i n e a r  p r o f i l e  i s  less t h a n  1% of So. Thus,  a  l i n e a r  p r o f i l e  
i s  assumed. 
S c h u l t z  and Gaden [I9561 p o s t u l a t e d  a n o t h e r  t y p e  of d i s t r i b u t i o n  
of s u l f i t e  i n  t h e  f i l m  r e g i o n  based  g e n e r a l l y  on t h e  mechanics of r e a c t i o n  
between t h e  oxygen and t h e  s u l f i t e .  The d i s t r i b u t i o n  p o s t u l a t e d  by them 
i s  n o t  used  h e r e  because  i t  h a s  a non-zero g r a d i e n t  a t  t h e  f r e e  s u r f a c e .  
Such a s i t u a t i o n  would r e q u i r e  t h e  d i f f u s i o n  of s u l f i t e  a c r o s s  t h e  f r e e  
s u r f  a c e .  


I n  Chap. 5 some exper imenta l  r e s u l t s  f o r  t h e  abso rp t i on  of 
oxygen i n  t h e  p resence  of s u l f i t e  a r e  g iven .  I n  t h e s e  exper iments  i t  
was observed t h a t  t h e  s u l f i t e  concen t r a t i on  S i n  t h e  wa t e r  decreased 
0 
l i n e a r l y  w i th  t ime .  This  imp l i e s  a  c o n s t a n t  ab so rp t i on  r a t e  of oxygen 
and a cons t an t  g r a d i e n t  of oxygen. I f  t h e  s u r f a c e  concen t r a t i on  of 
oxygen i s  c o n s t a n t ,  then  6 must a l s o  b e  cons t an t  w i t h  t ime. 
Using t h e  d i f f u s i o n  equa t i ons ,  t h e  l i n e a r  d i s t r i b u t i o n s ,  and t h e  
assumed t o t a l  r e a c t i o n  a t  t h e  p l ane  shown i n  F ig .  4 . 3 ,  one may w r i t e  
where t h e  s u b s c r i p t s  1 and 2 r e f e r  t o  t h e  r eg ions  of  oxygen and s u l f i t e  
d i f f u s i o n  and t h e  f a c t o r  5 r e s u l t s  from t h e  f a c t  t h a t  t h e  concen t r a t i ons  
a r e  i n  mg/l  and t h e  molecular  weight  of s u l f i t e  i s  5 t imes t h a t  of oxygen. 
Rearranging Eq. 4 .26  g ive s  
It i s  a l s o  p o s s i b l e  t o  w r i t e  an exp re s s ion  f o r  t h e  mass conse rva t i on  of 
s u l f i t e ,  namely t h a t  t h e  r a t e  of change of s u l f i t e  must equa l  t h e  r a t e  of 
d i f f u s i o n  through 6 2  : 
- 
d t  
where h  i s  t h e  depth of wate r .  
A s  d i s c u s s e d  above,  6  was a p p a r e n t l y  c o n s t a n t  w h i l e  S  
1 0 
decreased  l i n e a r l y  w i t h  t i m e  f o r  t h e  exper iments  r e p o r t e d  i n  Chap 5 .  
From Eq. 4 .29,  t h i s  i n  t u r n  i m p l i e s  a l i n e a r  d e c r e a s e  of 6  w i t h  t ime 2  
i n  p r o p o r t i o n  t o  t h e  d e c r e a s e  of S . It may be  no ted  t h a t  t h e  i n i t i a l  
0 
v a l u e  of S  w a s  t y p i c a l l y  of t h e  o r d e r  of 1500 m g / l  and cs of t h e  o r d e r  
0 
of 8 mg/ l .  Assuming D? and D* t o  b e  approximately  e q u a l  g i v e s  6  /6 40 2  2  1 
i n i t i a l l y .  
The r e p r e s e n t a t i o n  of t h e  s u l f i t e - o x y g e n  i n t e r a c t i o n  p r e s e n t e d  
i n  t h i s  s e c t i o n  a l l o w s  an  i n t e r p r e t a t i o n  which i s  i n  accord  w i t h  a v a i l a b l e  
d a t a  ( F i g .  2.2 and S e c t i o n  5 . 3 ) .  However, t h e r e  does  n o t  appear  t o  be 
a n y t h i n g  i n  t h e  a n a l y s i s  t o  say  e x p l i c i t l y  t h a t  t h e  r a t e  l i m i t i n g  f a c t o r  
i s  t h e  d i f f u s i o n  of s u l f i t e  toward t h e  f r e e  s u r f a c e .  The concept  of a  
t ime-varying f i l m  t h i c k n e s s  h a s  been a p p l i e d  p r e v i o u s l y  [Bi rd ,  e t  a l ,  
1960, p .  601,  e .g .1 .  However, i t  may b e  no ted  t h a t  t h e  d a t a  of O'Connor 
and Dobbins (F ig .  2 .2)  show t h a t  KL w i t h  s u l f i t e  i s  approximately  e q u a l  
t o  % w i t h o u t  s u l f i t e  p l u s  a c o n s t a n t .  One might a s k  whether  t h e r e  might 
b e  some o t h e r  mechanism formula ted  which would g i v e  t h i s  t y p e  of r e l a t i o n -  
s h i p .  
4 .3 )  BIOCHEMICAL OXYGEN DEMAND 
I n  t h i s  s e c t i o n ,  some mathemat ical  s o l u t i o n s  f o r  oxygen concentra-  
t i o n s  a r e  p r e s e n t e d  f o r  t h e  c a s e  of a b i o l o g i c a l  oxygen demand (BOD) which 
h a s  a slow r e a c t i o n  t ime.  The f i r s t  s u b s e c t i o n  c o n s i d e r s  t h e  e f f e c t s  of 
t h e  BOD on d i f f u s i o n  through t h e  f i l m  and a  comparison i s  made between t h e  
a b s o r p t i o n  r a t e s  w i t h  and w i t h o u t  oxygen demand. The second s u b s e c t i o n  
r e l a t e s  t o  t h e  i n f l u e n c e  of bottom d e p o s i t s  on t h e  oxygen d i s t r i b u t i o n  i n  
t h e  b u l k  of t h e  w a t e r .  As i n  t h e  p r e v i o u s  c o n s i d e r a t i o n s ,  t h e  s o l u t i o n s  
a r e  p r e s e n t e d  i n  terms of a  mixing v e s s e l  w i t h  t h e  independent  v a r i a b l e  
be ing  t .  For  a  s t r e a m ,  t may g e n e r a l l y  be  t aken  a s  f low t ime .  
4 .3 .1)  T u r b u l e n t  Sur face  Fi lm 
Consider  t h e  d i f f u s i o n  of oxygen through t h e  f i l m  when t h e r e  i s  
a  s low oxygen demand of c o n c e n t r a t i o n  L  p r e s e n t .  The g e n e r a l  s i t u a t i o n  
is  d e p i c t e d  i n  F i g .  4.4.  On t h e  b a s i s  of t h e  r e s u l t s  i n  S e c t i o n  4 .1 ,  t h e  
oxygen c o n c e n t r a t i o n  ( c  ) i n  t h e  b u l k  ( i . e .  below t h e  f i l m )  i s  t a k e n  as b  
c o n s t a n t  over  t h e  dep th  h .  Also,  i t  i s  assumed t h a t  t h e  oxygen demand i s  

c o n t i n u o u s l y  d i s t r i b u t e d  through t h e  w a t e r  r a t h e r  t h a n  be ing  a s s o c i a t e d  
w i t h  d i s c r e t e  p a r t i c l e s .  Assume t h a t  t h e  r a t e  of s a t i s f a c t i o n  of t h e  
oxygen demand i s  independent  of t h e  c o n c e n t r a t i o n  of oxygen (c )  and i s  
g i v e n  by t h e  e q u a t i o n  
I f  t h e  i n i t i a l  oxygen demand i s  L  t h e n  t h e  i n t e g r a l  of Eq. 4.30 g i v e s  L  
0 ' 
a t  any t i m e  t a s  
Note t h a t  t h i s  i m p l i e s  t h a t  t h e  oxygen c o n c e n t r a t i o n  s t a y s  above some 
minimum l e v e l .  Also,  t h e  assumption t h a t  dL/dt  i s  independent  of c  (Eq. 4.30) 
states t h a t  t h e  r a t e  of change of L  from i t s  i n i t i a l  v a l u e  i s  everywhere 
p r o p o r t i o n a l  t o  L. Thus,  i f  L  i s  i n i t i a l l y  uniformly d i s t r i b u t e d  o v e r  t h e  
v e r t i c a l ,  i t  w i l l  a lways remain uniformly d i s t r i b u t e d  s i n c e  d ~ / d t  w i l l  b e  
t h e  same everywhere.  
F u r t h e r ,  Eq. 4.30 means t h a t  r i n  Eq. 4 . 1  e q u a l s  K L. Assuming t h e  
>k 1 
d i f f u s i o n  c o e f f i c i e n t  D t o  b e  c o n s t a n t  i n  t h e  f i l m ,  Eq. 4 . 1  may be w r i t t e n  
f o r  t h e  f i l m  a s  
The boundary and i n i t i a l  c o n d i t i o n s  f o r  t h e  t u r b u l e n t  s u r f a c e  f i l m  a r e  t aken  a s  
The v a l u e  of c  i n  Eq. 4.33 i s  an unknown f u n c t i o n  of t ime .  b  
However, a n o t h e r  e q u a t i o n  may b e  o b t a i n e d  by w r i t i n g  an  oxygen b a l a n c e  
f o r  t h e  bu lk  of t h e  w a t e r ,  namely 
Th i s  s t a t e s  t h a t  t h e  r a t e  of change of c  must b e  given by t h e  r a t e  of b  
d i f f u s i o n  of oxygen from t h e  f i l m  i n t o  t h e  bu lk  and t h e  r a t e  of u t i l i z a -  
t i o n  by t h e  oxygen demand. A s  an i n i t i a l  c o n d i t i o n ,  i t  is assumed t h a t  
The s o l u t i o n  of Eq. 4.32 f o r  t h e  oxygen concen t r a t i on  i n  t h e  f i l m  (us ing  
Eqs. 4.31,  4.33,  4.34,  and 4.35) i s  
c cos (Any) - AnHs i n  (Any) 2  
-A T  
n  
+ An(l+H) sinAn 
where t h e  fo l lowing  dimensionless  parameters  have been i n t roduced :  
and A i s  g iven  by t h e  s e r i e s  of non-negative r o o t s  of 
n  
1 An t a n  An = - H 
By s e t t i n g  Y = 0 i n  Eq. 4.36,  t h e  s o l u t i o n  f o r  c i s  o b t a i n e d  ( s e e  b  
E q .  4 .33) :  
S i m i l a r l y ,  by d i f f e r e n t i a t i n g  Eq. 4.36 w i t h  r e s p e c t  t o  Y and e v a l u a t i n g  t h e  
r e s u l t  a t  Y = 1, one o b t a i n s  
m c ALHcosA + A s inA 
o  K n  n  n  
2 
I - - + - -  -A T  [ n n  HcosA n  + A n  (l+H)sinA; n  
* 
This  e q u a t i o n ,  m u l t i p l i e d  by c  D /6 g i v e s  t h e  mass t r a n s p o r t  ( a b s o r p t i o n )  
S 
r a t e  of oxygen a t  t h e  f r e e  s u r f a c e .  
A s  was done w i t h  Eq. 4.7,  a l l  of t h e s e  e q u a t i o n s  could  be  
s i m p l i f i e d  by expanding t h e  t r i g o n o m e t r i c  f u n c t i o n s  and r e t a i n i n g  on ly  
t h e  s i g n i f i c a n t  terms.  However, i n  t h i s  c a s e ,  t h e s e  e q u a t i o n s  were 
i n v e s t i g a t e d  by a  numer ica l  e v a l u a t i o n  of t h e  v a r i o u s  q u a n t i t i e s .  
I n  t h e s e  e q u a t i o n s ,  Y and T a r e  d imens ion less  d i s t a n c e  and t ime.  
The two paramete rs  on which c  depends a r e  H and K ,  a s  w e l l  a s  t h e  i n i t i a l  
c o n d i t i o n s  c  and Lo, of course .  Also,  i t  may b e  no ted  t h a t  KT e q u a l s  
0 
K t and t h a t  H i s  t h e  i n v e r s e  of a  d imens ion less  v a l u e  of KL o r  K i . e .  
1 2  ' 
us ing  Eqs. 4.37, 2.2,  and 2 .5 .  
F i r s t ,  Eq. 4.36 w i l l  be used t o  r e p r e s e n t  t h e  v a r i a t i o n  of c  
i n  t h e  f i l m  f o r  no oxygen demand (L and /or  K l e q u a l  z e ro ) .  The g r e a t e s t  
0 
n o n - l i n e a r i t y  of t h e  concen t r a t i on  d i s t r i b u t i o n  w i l l  occur  f o r  t h e  f a s t e s t  
r a t e  of change of c  t h e  concen t r a t i on  i n  t h e  bulk.  Th i s ,  i n  t u r n ,  b '  
corresponds t o  t h e  s m a l l e s t  va lue  of  H.  Mathemat ical ly ,  H can be made 
a r b i t r a r i l y  s m a l l ,  b u t  p h y s i c a l l y  H = 100 would r e p r e s e n t  an extremely 
sma l l  va lue  ( i . e .  a  depth of on ly  100 t imes t h e  f i l m  t h i c k n e s s ) .  From 
Eq. 3.4 i t  can be s een  t h a t  a t y p i c a l  v a l u e  of H f o r  a  s t ream might b e  
10,000. However, f o r  t h e  extreme case  of  H = 100, c  i s  p r e sen t ed  as a  
f u n c t i o n  of Y w i t h  T a s  a  parameter i n  Fig .  4.5. Graph i ca l l y ,  t h e  l i n e s  
a r e  e s s e n t i a l l y  s t r a i g h t .  From t h e  computat ions ,  i t  can b e  s een  t h a t  
t he  g r e a t e s t  d e v i a t i o n  from a  l i n e a r  d i s t r i b u t i o n  i s  on ly  0 .3%. Of 
course ,  f o r  p r a c t i c a l  purposes ,  t h i s  i s  no d e v i a t i o n  a t  a l l ,  s o  t h a t  i t  
may b e  concluded t h a t  t h e  g r a d i e n t  i n  t h e  f i l m  i s  e s s e n t i a l l y  l i n e a r  even 
f o r  t h e  c a s e  of t h e  unsteady a b s o r p t i o n  problem. 
To i l l u s t r a t e  t h e  e f f e c t s  of oxygen demand, t h e r e  a r e  mady 
p o s s i b l e  combinations of va lue s  of K ,  H ,  Lo, and c  . I n  gene ra l ,  t h e  
0 
g r e a t e s t  e f f e c t  occurs  f o r  l a r g e  K and L . (However, i f  t h e  va lue s  a r e  
0 
t oo  l a r g e ,  anae rob i c  cond i t i ons  r e s u l t . )  An example of t h e  concentra-  
t i o n  d i s t r i b u t i o n s  i n  t h e  f i l m  i s  shown i n  F ig .  4.6 f o r  H = 3000, 
K = 0.0001, Lo/cS = 5 ;  and c  / c  = 1. These va lue s  correspond t o  
0 S 
K1/K2 = 0 .3 .  Again, i t  can be seen t h a t  t h e  d i s t r i b u t i o n s  a r e  e s s e n t i a l l y  . 
l i n e a r  w i t h  r e s p e c t  t o  Y .  
The corresponding oxygen s ag  curve c a l c u l a t e d  from Eq. 4.39 i s  
a l s o  shown i n  F ig .  4.6.  It i s  p o s s i b l e  t o  c a l c u l a t e  t h e  s a g  curve from 
t h e  t r a d i t i o n a l  equa t i on  which may be  w r i t t e n  a s  
which i s  t h e  s o l u t i o n  of Eq. 1.1 wi th  K = K L .  I n  terms of t h e  dimension- 1 
l e s s  parameters  given i n  Eq 4.37,  t h i s  may be r e - w r i t t e n  a s  
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r e c o g n i z i n g  t h a t  K s ~ / D *  = 1 / ~  on t h e  b a s i s  of Eqs. 2 .2  and 2 .5 .  Eq. 4.41a 2  
g i v e s  v a l u e s  s o  c l o s e  t o  t h o s e  i n  F i g ,  4 .6  t h a t  i t  would n o t  b e  p o s s i b l e  
t o  s e e  t h e  d i f f e r e n c e  i n  t h e  f i g u r e .  Eq. 4.41b p r o v i d e s  an  i n t e r e s t i n g  
comparison w i t h  Eq. 4.39 when i t  i s  recognized  t h a t  c 1 / ~  from Eq. 4.38 1 
f o r  l a r g e  H.  Expansion o f  t h e  s i n  and cos i n  t h e  f i r s t  b r a c k e t e d  term i n  
Eq. 4.39 and r e t e n t i o n  of t h e  terms o f  o r d e r  K H  g i v e s  t h e  f i r s t  b r a c k e t e d  
term i n  Eq. 4.41b. S i m i l a r l y ,  expansion of t h e  f i r s t  term i n  t h e  i n f i n i t e  
s e r i e s  i n  Eq. 4.39 and r e t e n t i o n  of t h e  terms of o r d e r  one g i v e  agreement 
w i t h  t h e  cor responding  term i n  Eq. 4.41b. 
Only t h i s  one example i s  p r e s e n t e d  h e r e ,  b u t  many o t h e r  c a s e s  
were a l s o  i n v e s t i g a t e d  and t h e s e  i n c l u d e d  assumptions  of K /K v a l u e s  up 1 2  
t o  t h e  u n r e a l i s t i c a l l y  h i g h  v a l u e  of 1000 and L  /cs up t o  25. I n  a l l  
0 
c a s e s ,  t h e  c o n c e n t r a t i o n  d i s t r i b u t i o n  i n  t h e  f i l m  was e s s e n t i a l l y  l i n e a r .  
Recognizing t h a t  t h e  a b s o r p t i o n  r a t e  must b e  e q u a l  t o  t h e  
d i f f u s i o n  r a t e  a t  t h e  s u r f a c e ,  and u s i n g s  F i c k s  Law and Eq. 2 . 3 ,  i t  i s  
p o s s i b l e  t o  w r i t e  K a s  L  
where t h e  d e r i v a t i v e  i s  t o  b e  e v a l u a t e d  a t  t h e  s u r f a c e  (Y = 1 ) .  These 
c a l c u l a t i o n s  of t h e  oxygen g r a d i e n t  i n  t h e  f i l m  b o t h  w i t h  and w i t h o u t  
oxygen demand showed l i n e a r  d i s t r i b u t i o n s  of c .  Thus, t h e  b r a c k e t e d  term 
i n  Eq. 4.42 i s  t h e  same f o r  b o t h  c a s e s .  However, t h e  e q u a t i o n  a l s o  shows 
t h a t  t h e  l i n e a r  g r a d i e n t s  do n o t  n e c e s s a r i l y  mean t h a t  KL i s  t h e  same f o r  
b o t h  c a s e s .  - S i n c e  t h e  b r a c k e t e d  term i s  t h e  same, i f  KL changes w i t h  t h e  
a d d i t i o n  of oxygen demand, t h e  change must be  due t o  changes i n  t h e  
* 
d i f f u s i o n  c o e f f i c i e n t  i n  t h e  f i l m  (D ) a n d / o r  t h e  f i l m  t h i c k n e s s  ( 6 ) .  
However, changes i n  e i t h e r  of t h e s e  q u a n t i t i e s  would p robab ly  n o t  r e s u l t  
from t h e  oxygen demand p e r  s e  b u t  r a t h e r  from t h e  p h y s i c a l  p resence  of 
t h e  m a t e r i a l  p o s s e s s i n g  t h e  oxygen demand. 
Again, i t  shou ld  be mentioned t h a t  t h e s e  e q u a t i o n s  assume t h e  
oxygen demand t o  b e  homogeneously d i s t r i b u t e d  throughout  t h e  w a t e r  and 
do n o t  i n c l u d e  t h e  p o s s i b i l i t y  of d i s c r e t e  p a r t i c l e s  t a k i n g  oxygen 
d i r e c t l y  from t h e  atmosphere.  
4.3 .2)  Bottom Depos i t s  
T h i s  s u b s e c t i o n  c o n s i d e r s  t h e  p o s s i b l e  e f f e c t  t h a t  b i o l o g i c a l  
oxygen demand due t o  bottom d e p o s i t s  might have on t h e  oxygen concentra-  
t i o n  d i s t r i b u t i o n  i n  t u r b u l e n t  w a t e r .  I n  some r e s p e c t s ,  t h e  c o n s i d e r a t i o n s  
h e r e  a r e  p a r a l l e l  t o  t h o s e  i n  S e c t i o n  4.1.1.  
I n  o r d e r  t o  s i m p l i f y  t h e  problem a l i t t l e ,  i t  i s  assumed t h a t  
t h e r e  i s  no oxygen demand suspended i n  t h e  w a t e r  ( i . e .  on ly  bottom d e p o s i t s )  
and t h a t  t h e  oxygen d e f i c i t  i s  i n i t i a l l y  z e r o ,  i . e .  d  = 0  a t  t = 0  w i t h  
no suspended demand. The d i f f e r e n t i a l  e q u a t i o n  r e p r e s e n t i n g  t h e  oxygen 
* 
d i s t r i b u t i o n  i s  Eq. 4 .1  w i t h  r = 0 .  F u r t h e r ,  i t  i s  assumed t h a t  D i s  
c o n s t a n t  and t h a t  t h e  t r a n s p o r t  through t h e  f i l m  i s  r e p r e s e n t e d  by Eq. 4 .3  
s o  t h a t  t h e  upper  boundary c o n d i t i o n  a t  y  = h  i s  a g a i n  Eq. 4.4. The e f f e c t  
of t h e  bottom d e p o s i t s  i s  r e p r e s e n t e d  i n  t h e  lower boundary c o n d i t i o n  which 
must show a  t r a n s p o r t  of oxygen a t  t h e  bottom e q u a l  t o  t h e  r a t e  a t  which 
t h e  d e p o s i t s  a r e  u s i n g  t h e  oxygen. Mathemat ical ly ,  t h i s  may b e  expressed  
as 
Z 
where G i s  t h e  mass t r a n s f e r  rate p e r  u n i t  a r e a  ( e . g .  mg of oxygen p e r  m 
p e r  s e c ) .  F u r t h e r ,  assuming G i s  c o n s t a n t ,  t h e  s o l u t i o n  t o  Eq. 4 . 1  under  
t h e s e  c o n d i t i o n s  i s  [Carslaw and J a e g e r ,  1959, p .  1251 
where a ,  q, and T a r e  a s  d e f i n e d  p r e v i o u s l y  i n  Eqs. 4.8,  4 .9 ,  and 4.10. 
It may b e  n o t i c e d  t h a t  G = 0  g i v e s  d  as i d e n t i c a l l y  z e r o ,  r a t h e r  than  
g i v i n g  Eq. 4 .7 .  T h i s  i s  because  t h e  i n i t i a l  d e f i c i t  was assumed t o  b e  z e r o  
i n  t h i s  s e c t i o n .  With a  z e r o  i n i t i a l  d e f i c i t  and no oxygen demand (G = 0) , 
d  w i l l  never  change from zero .  
Eq. 4.44 i s  p l o t t e d  i n  F i g .  4.7 i n  terms of oxygen c o n c e n t r a t i o n  
r a t h e r  than  d e f i c i t  f o r  f o u r  d i f f e r e n t  v a l u e s  of G w i t h  o t h e r  pa ramete rs  
remaining c o n s t a n t  and e q u a l  t o  t h e  v a l u e s  shown on t h e  f i g u r e .  From t h e s e  
y/h = Relative Vertical Distance 
y/h = Relative Vertical Distance 
examples i t  can b e  s een  t h a t  when G i s  g r e a t  enough t o  cause a  s i g n i f -  
i c a n t  v e r t i c a l  v a r i a t i o n  of oxygen concen t r a t i on ,  i t  i s  a l s o  s o  g r e a t  
t h a t  t h e  wa t e r  i s  complete ly  dep l e t ed  of d i s so lved  oxygen i n  a  r a t h e r  
s h o r t  t ime. I n  t h e  l a s t  c a se ,  t h e  v a l u e  of G r e p r e s e n t s  a  more moderate 
oxygen demand r a t e ,  i . e .  a n  oxygen demand r a t e  on t h e  o r d e r  of magnitude 
of t h e  r e a e r a t i o n  r a t e  s o  t h a t  no anae rob i c  cond i t i ons  r e s u l t .  I n  t h i s  
c a se ,  t h e  v e r t i c a l  d i s t r i b u t i o n  of oxygen i s  e s s e n t i a l l y  uniform, j u s t  
a s  i t  was i n  Sec t i on  4 .1 ,  which cons idered  t h e  ca se  w i th  no oxygen demand 
I n  g e n e r a l ,  i t  may be  n o t i c e d  t h a t  as T ( o r  t )  approaches  
i n f i n i t y ,  Eq. 4.44 approaches a  s t e ady  stat'e g iven  by 
Th i s  exp re s s ion  r e p r e s e n t s  an equ i l i b r i um which i s  ach ieved  when t h e  
abso rp t i on  r a t e  through t h e  s u r f a c e  equa l s  t h e  oxygen demand r a t e ~ a t  t h e  
bottom. The maximum va lue  t h a t  G can have and s t i l l  no t  produce anae rob i c  
cond i t i ons  can be ob t a ined  by s e t t i n g  d  = c a t  11 = 0 t o  g ive  
s 
* 
This  v a l u e  f o r  G may be  used i n  Eq. 4.45 w i th  11 = 1 t o  g i v e  t h e  correspond- * 
i n g  d e f i c i t  a t  t h e  bottom of t h e  f i l m ,  and t h e r e f o r e  t h e  change i n  d e f i c i t  
(Ad) over  t h e  depth:  
I n  s e c t i o n  4 .1 .2 ,  i t  was shown t h a t  t h e  va lue  of tt f o r  s t reams  i s  about  
0.0043. Using t h i s  v a l u e  i n  Eq. 4.47 g i v e s  a  maximum concen t r a t i on  
d i f f e r e n c e  over  t he  dep th  of about 0 .4% of cs f o r  t h i s  maximum G which 
p r e s e r v e s  a e r o b i c  cond i t i ons .  Th is  i l l u s t r a t e s  t h a t  a s  long a s  G i s  n o t  
s o  g r e a t  a s  t o  produce anaerob ic  c o n d i t i o n s ,  t h e  oxygen concen t r a t i on  
w i l l  be  e s s e n t i a l  uniform v e r t i c a l l y .  Of course ,  g r e a t e r  v a l u e s  of G 
may e x i s t ,  b u t  i f  they a r e  g r e a t  enough t o  cause a  s i g n i f i c a n t  d i f f e r e n c e  
i n  concen t r a t i on  over  t h e  dep th ,  t h e r e  w i l l  be  no oxygen d i s t r i b u t i o n  a t  
a l l  a f t e r  a  r e l a t i v e l y  s h o r t  t ime. 
The e q u a t i o n  f o r  t h e  average  d e f i c i t  f o r  t h i s  s i t u a t i o n  may b e  
o b t a i n e d  from Eq. 1.1. S i n c e  Eq. 4 . 4 3  g i v e s  t h e  mass t r a n s f e r  p e r  u n i t  
of bot tom a r e a ,  R i s  e q u a l  t o  G/h. The s o l u t i o n  f o r  an  i n i t i a l  d e f i c i t  
o f  Do i s  
I f  t h e  i n i t i a l  d e f i c i t  i s  z e r o ,  a s  was assumed i n  d e r i v i n g  Eq. 4 . 4 4 ,  
Eq. 4 .48  may b e  w r i t t e n  a s  
From t h i s ,  f o r  t approaching i n f i n i t y ,  t h e  d e f i c i t  i s  
Thus, i f  
t h e n  D = c a s  t I f  G i s  any g r e a t e r  t h a n  t h i s  v a l u e ,  t h e n  a n a e r o b i c  
S 
c o n d i t i o n s  r e s u l t  a t  l a r g e  t i m e s .  I n  t h a t  c a s e ,  t h e  t i m e  a t  which t h e  
c o n c e n t r a t i o n  becomes ze ro  ( i . e .  D =  c ) can b e  c a l c u l a t e d  from Eq. 4.49 
s 
t o  b e  
4 . 4 )  SUMMARY 
I n  t h i s  c h a p t e r ,  a n a l y t i c a l  s o l u t i o n s  and r e l a t e d  c o n s i d e r a t i o n s  
have been p r e s e n t e d  f o r  v a r i o u s  c a s e s  of r e a e r a t i o n  w i t h  no oxygen demand, 
w i t h  sodium s u l f i t e ,  and w i t h  b i o l o g i c a l  oxygen demand. I n  each c a s e ,  t h e  
d i f f u s i o n  model has been assumed i n  de r iv ing  t h e  s o l u t i o n s .  Natura l ly ,  
the  a n a l y t i c a l  s o l u t i o n s  a r e  presented f o r  h ighly  i d e a l i z e d  s i t u a t i o n s .  
Nevertheless ,  t he  s o l u t i o n s  produce some i n t e r e s t i n g  i n s i g h t s  i n t o  the  
var ious  s i t u a t i o n s .  
Analy t ica l  s o l u t i o n s  s u b s t a n t i a t e  t h e  well-known f a c t  t h a t  t he  
v e r t i c a l  d i s t r i b u t i o n  of oxygen is  e s s e n t i a l l y  uniform i n  flowing streams.  
However, bottom depos i t s  with high BOD r a t e s  can cause s i g n i f i c a n t  d i f -  
fe rences  of oxygen concent ra t ion  i n  the  v e r t i c a l  d i r e c t i o n s  during the  
r e l a t i v e l y  s h o r t  time be fo re  the  water becomes anaerobic.  
The a n a l y t i c a l  s o l u t i o n s  presented f o r  r eae ra t ion  with excess 
sodium s u l f i t e  appear t o  be i n  genera l  agreement with d a t a  from the  
l i t e r a t u r e .  Apparently i t  is n o t  poss ib l e  t o  combine these  s o l u t i o n s  
wi th  measured absorpt ion  r a t e s  i n  order  t o  c a l c u l a t e  the  th ickness  of 
t h e  oxygen boundary l a y e r  or  turbulent  f i l m  when s u l f i t e  i s  p resen t .  
Analy t ica l  s o l u t i o n s  a r e  presented f o r  t he  oxygen d i s t r i b u t i o n  
i n  t h e  tu rbu len t  f i l m  when BOD i s  p resen t ,  assuming t h e  BOD t o  be 
homogeneously d i s t r i b u t e d  throughout the  water .  These s o l u t i o n s  i n d i c a t e  
f o r  normal condi t ions  t h a t  t h e  BOD does not inf luence  the  absorpt ion  r a t e  
of oxygen by s teepening t h e  concent ra t ion  gradient  a t  t he  su r face .  However, 
t h e  a n a l y t i c a l  s o l u t i o n s  can n a t  show whether the  BOD changes the  absorpt ion 
r a t e  by changing e i t h e r  the f i l m  thickness or  the  d i f f u s i o n  c o e f f i c i e n t  i n  




R e a e r a t i o n  exper iments  were conducted i n  a mixing v e s s e l  a s  
shown i n  F ig .  5.1.  Mixing was c r e a t e d  by a c l o s e d  loop pumping system 
which c i r c u l a t e d  water through t h e  v e s s e l s .  The w a t e r  was pumped i n  a t  
p o i n t  A and withdrawn a t  p o i n t  B ,  whence i t  went t o  t h e  pump, a c o i l  i n  
a c o n s t a n t  t empera tu re  b a t h ,  a f low mete r ,  t h e n  back t o  p o i n t  A. The on ly  
m a t e r i a l s  i n  c o n t a c t  w i t h  t h e  w a t e r  were  PVC and p l e x i g l a s s  p l a s t i c s  and 
s t a i n l e s s  s t e e l .  A c i r c u l a t i n g  mot ion was c r e a t e d  i n  t h e  v e s s e l s ,  b u t  
t h e  w a t e r  s u r f a c e  was e s s e n t i a l l y  h o r i z o n t a l .  The f low r a t e  f o r  a l l  
t e s t s  was 2 .3  gpm. The t empera tu re  was 20°C. 
The d i s s o l v e d  oxygen c o n c e n t r a t i o n s  were measured w i t h  membrane 
e l e c t r o d e s  (YSI Ins t rument  Co.) .  The e l e c t r o d e s  were placed,  a t  p o i n t  C 
(F ig .  5.1) s o  t h a t  t h e  s e n s i t i v e  end of t h e  p robe  was f l u s h  w i t h  t h e  i n s i d e  
w a l l  of t h e  mixing v e s s e l .  The probes  were c a l i b r a t e d  by t h e  Winkler 
method. 
NO OXYGEN DEMAND 
R e a e r a t i o n  exper iments  were conducted i n  t h e  mixing v e s s e l  t o  
d e t e r m i n e  % i n  t h e  absence of oxygen demand. These v a l u e s  o f  KL s e r v e d  
a s  a b a s i s  f o r  de te rmin ing  t h e  e f f e c t s  of oxygen demand i n  t h e  l a t e r  t e s t s .  
I n  t h e s e  t e s t s  wi th  no oxygen demand, t h e  v e s s e l  was f i l l e d  w i t h  
t a p  w a t e r  t o  t h e  d e s i r e d  dep th  and t h e  pump was s t a r t e d  t o  c i r c u l a t e  t h e  
w a t e r  through t h e  t empera tu re -con t ro l  b a t h  (20°C) and t o  s e t  t h e  f low r a t e  
( 2 . 3  gpm). Ni t rogen  was bubbled i n t o  t h e  mixing v e s s e l  t o  lower t h e  d i s -  
s o l v e d  oxygen c o n t e n t .  A f t e r  s t o p p i n g  t h e  n i t r o g e n ,  t h e  oxygen concentra-  
t i o n  was measured as a f u n c t i o n  of t ime  u s i n g  t h e  membrange e l e c t r o d e s .  
A l e a s t - s q u a r e s  method was used t o  f i t  t h e  d a t a  t o  Eq. 1 . 2  w i t h  k and Cs 2 
b e i n g  t h e  f r e e  pa ramete rs  determined t o  g i v e  t h e  b e s t  f i t  of  t h e  d a t a  t o  
t h e  e q u a t i o n .  The v a l u e s  o b t a i n e d  f o r  cs v a r i e d  from 9 .35  ppm t o  10.09 ppm 
w i t h  t h e  average  b e i n g  9 .78 ppm. These v a l u e s  a l l  seem a b i t  h i g h ,  b u t  
they  were  o b t a i n e d  c o n s i s t e n t l y  f o r  t h e  wa te r  used i n  t h e s e  t e s t s .  The 
v a l u e s  o b t a i n e d  f o r  k were m u l t i p l i e d  by 2.30V/A, where V i s  t h e  volume 2 
of w a t e r  and A i s  t h e  s u r f a c e  a r e a ,  t o  o b t a i n  . The volume of wa te r  i n  5 
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t h e  t u b e s ,  pump, f low mete r ,  e t c .  (0.020 f t  ) was inc luded  i n  V. The 5 
va lue s  a r e  shown by t h e  c i r c l e s  i n  F ig .  5.2.  The s c a t t e r  i n  t h e  v a l u e s  K~ 
i s  approximately  510%. There  i s  no apparen t  c o r r e l a t i o n  between t h e  
s c a t t e r  i n  t h e  5 va lue s  and t h a t  i n  t h e  cs va lue s .  Three exper iments  
were a l s o  conducted us ing  de- ionized wa t e r .  For t h e s e  t e s t s ,  cs was found 
t o  b e  8.44 ppm. The corresponding % va lue s  a r e  shown by t h e  c r o s s e s  i n  
F ig .  5.2. It can b e  s een  t h a t  they a r e  c o n s i s t e n t  w i th  t h e  v a l u e s  f o r  t a p  
wa t e r .  The l i n e  i n  F ig .  5.2 i s  drawn through t h e  average va lue  of KL f o r  
each depth.  There is  a r e l a t i v e l y  sma l l  dec r ea se  i n  % wi th  i n c r e a s i n g  
depth.  5 a t  t h e  10- in .  depth i s  about  2 /3  of % a t  t h e  4-in.  depth.  
5.3) REAERATION WITH SODIUM SULFITE 
It was t h e  i n t e n t i o n  i n  t h e s e  exper iments  t o  i n v e s t i g a t e  t h e  
r e a e r a t i o n  of wate r  con t a in ing  va r i ous  t ypes  of r a p i d  oxygen demand which 
had d i f f e r e n t  r e a c t i o n  r a t e s  w i t h  t h e  d i s s o l v e d  oxygen. Unfor tuna te ly ,  
t h e  exper imenta l  program never  proceeded f u r t h e r  than  t e s t s  u s ing  sodium 
s u l f i t e  because of t h e  d i f f i c u l t i e s  exper ienced  i n  t h e s e  t e s t s .  
The same mixing v e s s e l  de sc r i bed  p r ev ious ly  was used. De-ionized 
wa t e r  was pu t  i n t o  t h e  v e s s e l  t o  a depth g r e a t e r  than  t h a t  d e s i r e d  f o r  t h e  
exper iment ,  and brought  t o  20°C. A i r  was bubbled i n t o  t h e  wa t e r  t o  s a t u r a t e  
i t ,  and two o r  t h r e e  Winkler samples were t aken  f o r  de te rmin ing  c s -  The 
wa t e r  l e v e l  was then  brought  t o  t h e  d e s i r e d  p o s i t i o n ,  and sodium s u l f i t e  
- 
and c a t a l y s t  were added (approximately2000 pprn SO and 0.15 pprn CoC12). 3 
A t  l e a s t  30 minutes were allowed t o  pass  t o  g i v e  t ime f o r  thorough mixing 
of t h e  s u l f i t e ,  then sampling was begun t o  determine t h e  r a t e  of change of 
s u l f i t e  t o  s u l f a t e ,  and t h u s  t h e  r a t e  of ab so rp t i on  of  oxygen. Samples of 
10 m l  were withdrawn a t  10 rnin. i n t e r v a l s  f o r  approximately  2 hours  and 
t i t r a t e d  t o  determine t h e  s u l f i t e  con t en t .  The t i t r a t i o n  techn ique  was 
g e n e r a l l y  a s  de sc r i bed  i n  Standard Methods [1965],  w i th  t h r e e  modifica- 
t i o n s :  (1)  The samples were d i l u t e d  t o  b r i n g  t h e  s u l f i t e  concen t r a t i on  
below 500 pprn b e f o r e  t i t r a t i o n  was begun. Water deae r a t ed  by bubbl ing 
n i t r o g e n  was used f o r  d i l u t i o n .  (2) A n i t r o g e n  "blanket"  was used over  
t h e  sample du r ing  t i t r a t i o n .  (3) I n  some of  t h e  t e s t s ,  an  excess  of 
i o d i n e  w a s  added and a back t i t r a t i o n  was done. 
The measured c va lue s  v a r i e d  from 8 .28  t o  8.89 pprn w i th  an 
S 
average  of 8.65 ppm. This  average va lue  was used i n  c a l c u l a t i n g  5 (Eq. 2 .3 ) .  

The % v a l u e s  f o r  t h e  oxygen a b s o r p t i o n  a r e  shown i n  F ig .  5.3.  
It can b e  seen  t h a t  t h e  d a t a  is n o t  v e r y  c o n s i s t e n t .  A t  d e p t h s  of b o t h  
5  i n .  and 7-1/2 i n . ,  t h e  d a t a  d i v i d e s  r a t h e r  d i s t i n c t l y  i n t o  two groups  
w i t h  one group b e i n g  abou t  30% g r e a t e r  t h a n  t h e  o t h e r .  No e x p l a n a t i o n  
could  b e  found f o r  t h i s .  I n  p a r t i c u l a r  i t  was observed t h a t  t h e  
s e p a r a t i o n  i s  n o t  c o r r e l a t e d  w i t h  t h e  o r d e r  i n  which t h e  tests were done, 
w i t h  t h e  person doing t h e  t e s t s ,  o r  w i t h  t h e  t i t r a t i o n  t e c h n i q u e  used.  
Also,  f o r  t h e s e  two d e p t h s ,  t h e  d a t a  o f  oxygen a b s o r p t i o n  vs .  t ime  d e f i n e d  
a v e r y  good s t r a i g h t  l i n e  f o r  a l l  t h e  v a l u e s  o f  % shown i n  F i g .  5 .3 .  ( A  
sample of t h e  d a t a  i s  g iven  i n  F ig .  5 .4 ,  which i s  d i s c u s s e d  below.) The 
\ v a l u e s  f o r  t h e  10-in.  dep th  a l s o  have a  r a n g e  of about  30%, b u t  t h e r e  
i s  no c l e a r  s e p a r a t i o n  i n t o  two groups .  It may b e  observed though, t h a t  
t h e  r a t e  o f  oxygen a b s o r p t i o n  a t  t h e  10- in .  d e p t h  was s lower ,  g i v i n g  
smaller changes i n  t h e  volume of t i t r a n t  i n  a  c e r t a i n  t i m e  i n t e r v a l .  A s  
a  r e s u l t ,  t h e  t i t r a t i o n s  f o r  t h i s  d e p t h  were p robab ly  l e s s  a c c u r a t e  and 
t h e  d a t a  of oxygen a b s o r p t i o n  v s .  t ime showed c o n s i d e r a b l y  mdre s c a t t e r  
on a  p e r c e n t a g e  b a s i s  than  f o r  t h e  s m a l l e r  d e p t h s .  
I n  S e c t i o n  2.4, i t  was p o i n t e d  o u t  t h a t  t h e  r a t e  of r e a c t i o n  
between s u l f i t e  and oxygen was independent  o f  s u l f i t e  c o n c e n t r a t i o n  above 
0.015N s u l f i t e .  Two exper iments  were r u n  i n  which t h e  s u l f i t e  l e v e l  was 
a l lowed t o  go below 0.015N. The d a t a  f o r  one of t h e s e  exper iments  i s  
shown i n  F ig .  5.4. The s h a r p  b r e a k  i n  t h e  a b s o r p t i o n  r a t e  cor responds  
a lmos t  e x a c t l y  t o  0.015N s u l f i t e .  S i m i l a r  r e s u l t s  were found i n  t h e  o t h e r  
exper iment .  The s l o p e  o f  t h e  l i n e  f o r  t h e  s m a l l e r  s u l f i t e  l e v e l s  g i v e s  a  
% v a l u e  of 0.14cm/minY which i s  about  t h e  same a s  t h a t  f o r  p u r e  w a t e r .  
However, a  check was n o t  made t o  s e e  i f  t h e  d i s s o l v e d  oxygen c o n c e n t r a t i o n  
r o s e  above z e r o  i n  t h i s  p a r t  of t h e  t e s t .  I f  i t  d i d ,  t h e  r a t e  of change 
of s u l f i t e  would n o t  g i v e  t h e  t o t a l  a b s o r p t i o n  r a t e ,  of course .  Another 
p o s s i b l e  mechanism which could  have a f f e c t e d  t h e  oxygen t r a n s f e r  r a t e  a t  
low s u l f i t e  c o n c e n t r a t i o n s  would b e  a  change i n  t h e  f i l m  t h i c k n e s s ,  i . e .  a  
downward s h i f t  i n  t h e  p l a n e  of r e a c t i o n  i n  F i g .  4.3.  
The l a c k  of c o n s i s t e n c y  i n  t h e  d a t a  makes i t  r a t h e r  d i f f i c u l t  
t o  draw any f i r m  c o n c l u s i o n s .  N e v e r t h e l e s s ,  t h e r e  a r e  two t h i n g s  t h a t  
can b e  s a i d :  (1)  i n  t h e s e  exper iments ,  t h e  c a t a l y z e d  s u l f i t e  caused an 
i n c r e a s e  i n  % by a  f a c t o r  of 1 0  t o  1 7  r e l a t i v e  t o  % f o r  p u r e  w a t e r .  
Oxygen Absorbed, grams 
T h i s  is t h e  same o r d e r  of magnitude a s  t h a t  found by  onnor nor and 
Dobbins (F igs .  2.2 and 4 .2 ) .  (2) For s u l f i t e  c o n c e n t r a t i o n s  below 0.015N, 
t h e r e  i s  a  s i g n i f i c a n t  drop i n  t h e  a b s o r p t i o n  r a t e  t o  a  v a l u e  approxi-  
mate ly  e q u a l  t o  t h a t  f o r  p u r e  w a t e r .  Th i s  i s  a p p a r e n t l y  a  r e s u l t  o f  
t h e  d e c r e a s e  i n  t h e  r e a c t i o n  r a t e  between s u l f i t e  and oxygen. 
5  4  ) NAERATION WITH BIOLOGICAL OXYGEN DEMAND 
The purpose  of t h e s e  exper iments  was t o  compare r e a e r a t i o n  r a t e s  
f o r  w a t e r  w i t h  a  b i o l o g i c a l  oxygen demand t o  t h e  r a t e s  f o r  p u r e  w a t e r  
under  s i m i l a r  c o n d i t i o n s .  Experiments were done t o  g i v e  i n f o r m a t i o n  abou t  
t h e  i n f l u e n c e  o f  b o t h  t h e  b i o l o g i c a l  and t h e  p h y s i c a l  p r o p e r t i e s  of t h e  
micro-organisms used.  
For  t h i s  purpose ,  t e s t s  were conducted a t  20°C and a t  2' t o  5OC. 
( I t  was t h e  i n t e n t i o n  t o  work v e r y  c l o s e  t o  O°C, b u t  i t  was n e c e s s a r y  t o  . 
work a t  t h e  l i m i t  of  t h e  c a p a c i t y  of t h e  c o o l i n g  a p p a r a t u s ,  and t h i s  gave 
s l i g h t l y  d i f f e r e n t  t empera tu res  on d i f f e r e n t  days . )  At t h e  low tempera tu re  
t h e  r a t e  o f  b i o l o g i c a l  p r o c e s s e s  shou ld  b e  e s s e n t i a l l y  z e r o  a s  compared 
t o  t h a t  a t  20°C, [ P a i r  e t  a l ,  19681 s o  t h a t  t h e  i n f l u e n c e  of t h e  p h y s i c a l  
p r e s e n c e  of t h e  micro-organisms cou ld  b e  determined.  
The same mixing v e s s e l  d e s c r i b e d  p r e v i o u s l y  was used.  I n  addi-  
t i o n ,  two o t h e r  " i d e n t i c a l "  v e s s e l s  and f low systems were used t o  a l l o w  
more t h a n  one test t o  b e  made s imul taneous ly .  The t h r e e  v e s s e l s  were 
s imply numbered 1, 2, 3 ,  w i t h  No. 1 b e i n g  t h e  same one used i n  t h e  o t h e r  
t e s t s .  It was d i scovered  t h a t  No. 2  f o r  some reason  gave s i g n i f i c a n t l y  
d i f f e r e n t  r e s u l t s  from t h e  o t h e r  two. Thus, t h e  r e s u l t s  from No. 2 were 
t r e a t e d  s e p a r a t e d ,  w h i l e  t h e  r e s u l t s  from No. 1 and 3  were compared w i t h  each 
o t h e r  and w i t h  t h e  work r e p o r t e d  i n  S e c t i o n  5 . 2  f o r  r e a e r a t i o n  of p u r e  w a t e r .  
5 .4 .1)  T e s t s  a t  20°C 
B i o l o g i c a l  oxygen demand (BOD) is t h e  o x i d a t i o n  o f  o r g a n i c  m a t t e r  
i n  t h e  b i o l o g i c a l  p r o c e s s e s  of micro-organisms. A  c u l t u r e  was developed 
u s i n g  s e e d  mixed l i q u o r  from t h e  LTrbana-Champaign S a n i t a r y  D i s t r i c t  a c t i -  
v a t e d  s l u d g e  p l a n t .  T h i s  mixed l i q u o r  was a c c l i m a t e d  t o  a c e t i c  a c i d  a s  
t h e  on ly  carbon source .  The a c e t i c  a c i d  was added once each day w i t h  t h e  
amount b e i n g  e q u i v a l e n t  t o  1000 ppm f o r  t h e  volume of t h e  v e s s e l .  I n  t h e  
a c c l i m a t i o n  v e s s e l ,  s a l t s  were i n i t i a l l y  added a s  fo l lows :  
S a l t  
NH4C1 
MgS0 4' 7H20 
FeSO -7H20 4 
MnSO .7H20 4 
CaC12.7H20 
KH2P04 
Na HPO *7H20 2 4 
Na2C03 
Each day a f t e r  t h e  f i r s t  day, 80% of t h e  above q u a n t i t i e s  of s a l t s  was 
added. A t  t h e  beg inn ing  of t h e  acc l ima t i on ,  t h e  suspended s o l i d s  con- 
c e n t r a t i o n  of t h e  micro-organisms was 17,000 ppm. 
For t h e  r e a e r a t i o n  exper iments  w i t h  micro-organisms, t h e  same 
concen t r a t i ons  of n u t r i e n t s  s a l t s  ( i . e .  80% of t h e  va lue s  l i s t e d  'pre- 
v i o u s l y )  were used i n  t h e  mixing v e s s e l .  Some of t h e  micro-organisms 
were t r a n s f e r r e d  from t h e  acc l ima t i on  v e s s e l  t o  t h e  mixing v e s s e l ,  and 
a c e d i c  a c i d  was f ed  con t inuous ly  i n t o  t h e  mixing v e s s e l .  The f ed  r a t e  
was a d j u s t e d  by t r i a l  and erro 'r  t o  f i n d  a v a l u e  which,  when main ta ined  
c o n s t a n t ,  would produce an  equ i l i b r i um cond i t i on  of cons t an t  d i s so lved  
oxygen concen t r a t i on .  The r equ i r ed  f eed  r a t e  was n o t  measured.  With 
c o n s t a n t  oxygen concen t r a t i on ,  t h e  r a t e  o f  r e a e r a t i o n  equa l l ed  t h e  r a t e  
of o x i d a t i o n .  I n  Eq. 1.1,' dc /d t  was ze ro  and l e t t i n g  R = K 1 2  L, K was 
g iven  by 
where D i s  t h e  d e f i c i t  corresponding t o  t h e  equ f l i b r i um oxygen concen- 
e  
t r a t i o n .  A f t e r  ma in t a in ing  t h i s  e q u i l i b r i u m  f o r  a t  l e a s t  an hour and 
de te rmin ing  D w i t h  t h e  membrane e l e c t r o d e ,  a  f l o a t i n g  cover  was p laced  
e  
on t h e  wa t e r  s u r f a c e  t o  s t o p  t h e  r e a e r a t i o n .  Then, a  l i n e a r  dec r ea se  i n  
oxygen concen t r a t i on  was found and from Eq.  1.1 w i t h  K2 = 0 ,  one f i n d s  
So, i t  w a s  p o s s i b l e  t o  c a l c u l a t e  K L  from t h i s  l a t t e r  p rocedure ,  and u s e  1 
t h a t  v a l u e  i n  Eq. 5 . 1  t o  o b t a i n  K Obviously,  t h i s  assumed t h a t  KIL d i d  2  
n o t  change when t h e  f l o a t i n g  cover  w a s  p l a c e d  on t h e  w a t e r  s u r f a c e .  A t  
t h e  end of t h e  t e s t ,  t h e  suspended s o l i d s  c o n c e n t r a t i o n  w a s  measured and 
a i r  w a s  bubbled v i g o r o u s l y  through t h e  mixing v e s s e l  t o  de te rmine  t h e  
s a t u r a t i o n  c o n c e n t r a t i o n  a p p l i c a b l e  f o r  t h e  wa te r  w i t h  organisms,  a c e t i c  
a c i d ,  and s a l t s .  
T e s t s  were a l s o  done w i t h  on ly  a c e t i c  a c i d  p l u s  s a l t s  p r e s e n t  
i n  v a r i o u s  q u a n t i t i e s  t o  i n v e s t i g a t e  any p o s s i b l e  e f f e c t  of t h e  a c i d  on 
r e a e r a t i o n .  The range  o f  a c i d  c o n c e n t r a t i o n s  used i n  t h e s e  t e s t s  covered 
t h e  p o s s i b l e  r a n g e  of c o n c e n t r a t i o n s  r e s u l t i n g  from t h e  f e e d  f o r  t h e  organ- 
i s m s .  The t e s t s  w i t h  a c i d  were conducted i n  v e s s e l  No. 2. The v a l u e  of K2 
was determined a s  d e s c r i b e d  i n  S e c t i o n  5 .2  f o r  p u r e  w a t e r .  The r e s u l t s  a r e  
p r e s e n t e d  i n  S e c t i o n  5 .4 .3  below. 
There were two pr imary exper imenta l  problems. One was t h a t  i n  
some c a s e s  i t  was n o t  p o s s i b l e  t o  a c h i e v e  t h e  d e s i r e d  e q u i l i b r i u m  between 
r e a e r a t i o n  and o x i d a t i o n  r a t e s .  However, i t  is  f e l t  t h a t  t h i s  w a s  t o  b e  
expec ted  due t o  t h e  somewhat u n p r e d i c t a b l e  behav ior  of micro-organisms and 
t h e  t r i a l  and e r r o r  approach t h a t  was b e i n g  used t o  f i n d  t h e  p r o p e r  f e e d  
r a t e  f o r  t h e  a c i d .  The second problem w a s  t h e  fo rmat ion  of a  t h i n  f i l m  
(scum) on t h e  w a t e r  s u r f a c e  i n  t h e  t e s t s  w i t h  micro-organisms. (This  f i l m  
a l s o  o c c u r r e d  i n  t h e  2"-5°C t e s t s  d i s c u s s e d  below.) The cause  of t h e  f i l m  
cou ld  n o t  b e  determined.  It w a s  p h y s i c a l l y  removed a t  i n t e r v a l s  of abou t  
30 minu tes  (when n e c e s s a r y )  by skimming w i t h  a f i n e  w i r e  s c r e e n .  
5 .4 .2)  T e s t s  a t  2"-5°C 
Experiments p a r a l l e l  t o  t h o s e  j u s t  d e s c r i b e d  were a l s o  conducted 
a t  t empera tu res  v a r y i n g  from 2" t o  5°C. The on ly  e s s e n t i a l  d i f f e r e n c e  w a s  
no a c e t i c  a c i d  was f e d  t o  t h e  organisms d u r i n g  t h e s e  low tempera tu re  tests. 
However, s i n c e  some of t h e s e  t e s t s  were performed by lower ing  t h e  tempera- 
t u r e  of t h e  same w a t e r  used i n  t h e  20°C t e s t s ,  i t  was p o s s i b l e  t h a t  some 
a c i d  was p r e s e n t .  Thus, exper iments  were performed t o  check any i n f l u e n c e  
of a c i d  a t  t h e  low tempera tu res  a l s o .  Values  o f  K were  determined f o r  2  
a l l  t e s t s  as f o r  p u r e  w a t e r  a s  d e s c r i b e d  i n  S e c t i o n  5 .2 ,  namely, removal 
of d i s s o l v e d  oxygen by bubbl ing  n i t r o g e n ,  de te rmin ing  D a s  a f u n c t i o n  of 
t ime, and c a l c u l a t i o n  of K from Eq. 1 . 2  assuming R = 0 on t h e  b a s i s  of 2 
t h e  t empera ture .  A s  mentioned p r ev ious ly ,  t h e  f i l m  (scum) a l s o  formed 
du r ing  some of t h e s e  t e s t s  and had t o  b e  removed by skimming. 
5 .4 .3)  Discuss ion  of R e s u l t s  
The r e s u l t s  f o r  a l l  t h e  t e s t s  a r e  summarized i n  Table  5 .1 .  For 
reasons  no ted ,  i t  i s  f e l t  t h a t  a few of t h e  r e s u l t s  were n o t  r e l i a b l e ,  s o  
they were n o t  used i n  f u r t h e r  a n a l y s i s  d i scussed  below. 
The v a l u e s  of 5 f o r  wate r  p l u s  a c e t i c  a c i d  (and s a l t s )  a r e  
p r e sen t ed  i n  F ig .  5 .5 .  These t e s t s  were a l l  conducted i n  v e s s l  No. 2. 
S ince  t h e  v a l u e s  a r e  w i t h i n  t h e  range of r e p r o d u c i b i l i t y  found f o r  
pure  wa t e r ,  i t  was concluded t h a t  t h e  a c i d  and s a l t s  d i d  n o t  have any 
s i g n i f i c a n t  i n f l u e n c e  on t h e  va lue  of 5. It may be  seen  t h a t  t h e  \ v a l u e  
f o r  v e s s e l  No. 2 (20°C wi th  no a c i d )  w a s  about  30% h ighe r  than  t h e  average  
v a l u e  f o r  v e s s e l  No. 1 a t  5-in.  depth a s  i n d i c a t e d  i n  F ig .  5 . 2 .  Also,  t h e  
r e s u l t s  from v e s s e l  No. 2 seemed a b i t  i r r a t i c  a t  t imes.  For  t h e s e  r ea sons ,  
t h e  r e s u l t s  from v e s s e l  No. 2 were n o t  compared w i th  r e s u l t s  from t h e  o t h e r  
two mixing v e s s e l s .  
The r e s u l t s  f o r  exper iments  w i t h  t h e  micro-organisms a r e  shown 
i n  F ig .  5.6.  The curve from Fig .  5.2 f o r  pure  wate r  a t  20°C is reproduced 
on F ig .  5 .6  by t h e  s o l i d  l i n e .  The broken l i n e  r e p r e s e n t s  t h e  s o l i d  l i n e  
conver ted t o  2°C u s i n g + =  1.017 ( E q .  1 . 3 ) .  Th is  v a l u e  of + w a s  s e l e c t e d  
t o  g i v e  agreement w i t h  t h e  measurements of 5 i n  pure  wa t e r  a t  2 " ~ .  A s  
shown on t h e  f i g u r e ,  t h e  t e s t s  w i t h  micro-organisms a t  bo th  20°C and 2°C 
correspond t o  an a va lue  (Eq. 2.12) of approximately  1.5.  (The s h o r t  curves  
were c a l c u l a t e d  t o  correspond t o  t h e  a va lue s  i n d i c a t e d  a t  t h e  end of t h e  
curves .  ) 
Obviously,  t h e  r e s u l t s  a r e  extremely l i m i t e d ,  b u t  they  i n d i c a t e  
e s s e n t i a l l y  t h e  same va lue  of a a t  2 0 " ~  and a t  2°C. S ince  t h e  b i o l o g i c a l  
a c t i v i t y  i s  e s s e n t i a l l y  non-ex is ten t  a t  2"C, t h e  exper imenta l  r e s u l t s  imply 
t h a t  t h e  chsnge i n  5 w a s  appa ren t l y  due t o  t h e  p h y s i c a l  p resence  of t h e  
micro-organisms. The mechanism by which t h e  phys i ca l  p r o p e r t i e s  of t h e  
organisms a f f e c t  I$, i s  n o t  known. 
There  a r e  two f a c t o r s  r e l a t e d  t o  t h e s e  r e s u l t s  which should be  
mentioned. F i r s t ,  i t  would b e  expected t h a t  t h e  f i l m  which formed on t h e  
s u r f a c e  would cause  i n t e r f e r e n c e  w i th ,  n o t  inhancement o f ,  oxygen a b s o r p t i o n ,  
Table  5.1 
SUMMARY OF REMRATION TESTS WITH BOD 
-- 
T e s t  Chamber Temp Depth Susp. Slugfeed c 
No. No. " C i n .  S o l i d s  Acetic S 5 
mg/l Acid m l  mg/l cm/min 

i f  i t  had any e f f e c t .  Thus, i t  does n o t  seem t h a t  t h i s  f i l m  cou ld  account  
f o r  t h e  observed v a l u e s  o f  a. Second, t h e  observed a v a l u e s  can n o t  b e  
e x p l a i n e d  i n  terms of t h e  d i r e c t  a b s o r p t i o n  o f  oxygen from t h e  atmosphere 
by t h e  organisms ( a  mechanism d i s c u s s e d  i n  S e c t i o n  2.5) s i n c e  ( a )  t h e r e  
was e s s e n t i a l l y  no b i o l o g i c a l  a c t i v i t y  i n  t h e  2°C t e s t s ,  and (b )  even i f  
t h e r e  were a d i r e c t  a b s o r p t i o n  a t  20°C, t h e  p rocedures  used i n  t h e s e  exper- 
iments  would n o t  have measured t h e  oxygen absorbed i n  t h i s  way. The v a l u e  
of K L was c e r t a i n l y  n o t  i n f l u e n c e d  by any d i r e c t  a b s o r p t i o n  s i n c e  t h e r e  1 
was n o  f r e e  s u r f a c e  when t h i s  v a l u e  was determined (Eq. 5 .2 ) .  F u r t h e r ,  
when K was c a l c u l a t e d ,  t h i s  v a l u e  was r e l a t e d  on ly  t o  t h e  d i s s o l v e d  oxygen 2 
i n  s o l u t i o n  (Eq. 5 . 1 ) .  Thus, even i f  t h e  organisms were t a k i n g  oxygen 
d i r e c t l y  from t h e  atmosphere,  t h e  means used t o  c a l c u l a t e  K L and t h e n  K2 1 
would n o t  have inc luded  t h i s  a b s o r p t i o n  i n  t h e  K2 v a l u e s .  I n  any c a s e ,  
t h e  combination of t h e  2°C and 20°C t e s t s  i n d i c a t e  t h a t  t h e  pr imary a f f e c t  
of t h e  micro-organisms was a p p a r e n t l y  p h y s i c a l  and n o t  b i o l o g i c a l .  
5 . 5 )  SUMMARY - 
R e a e r a t i o n  exper iments  were conducted i n  a l a b o r a t o r y  mixing 
vessel  w i t h  p l a i n  w a t e r ,  w i t h  s u l f i t e ,  and w i t h  BOD. The r e s u l t s  from 
t h e  s u l f i t e  exper iments  were ex t remely  s c a t t e r e d  s o  t h a t  i t  i s  d i f f i c u l t  
t o  draw any f i r m  conc lus ion  o t h e r  t h a n  t h a t  t h e  s u l f i t e  caused 
to  
i n c r e a s e  by a f a c t o r  of about  1 0  t o  1 7  a s  compared t o  p l a i n  w a t e r .  
With BOD, exper iments  were conducted a t  2 0 " ~  and a t  2"-5°C. A t  
t h e  low tempera tu re ,  t h e  b i o l o g i c a l  a c t i v i t y  was e s s e n t i a l l y  z e r o  s o  the 
e f f e c t s  of t h e  p h y s i c a l  p resence  of t h e  organisms could  b e  e v a l u a t e d .  For 
b o t h  20°C and 2 " - 5 " C , i t w a s  found f r o m l i m i t e d  r e s u l t s  t h a t  was about  5 
1 . 5  t imes  g r e a t e r  t h a n  f o r  pure  w a t e r .  Th i s  s u g g e s t s  t h a t  t h e  i n c r e a s e  
was due t o  t h e  p h y s i c a l  p resence  of t h e  organisms,  b u t  t h e  mechanism 
caus ing  t h i s  change has  n o t  been i d e n t i f i e d .  
CHAPTER 6 
SUMMARY AND CONCLUS I O I i l ~  
Chapters  3 ,  4 ,  and 5 each have a  summary s e c t i o n  a t  t h e  end of 
t h e  c h a p t e r .  The m a t e r i a l  p r e sen t ed  h e r e  i s  l a r g e l y  a re - s ta tement  of 
t hose  p rev ious  summaries. 
The concept of a  p h y s i c a l l y  s t a g n a n t  f i l m  a t  t h e  f r e e  s u r f a c e  of 
t u r b u l e n t  wate r  appears  n o t  t o  b e  v a l i d .  However, t h e  t r a n s p o r t  of oxygen 
th rought  t h e  c r i t i c a l  r eg ion  immediately below t h e  f r e e  s u r f a c e  can b e  
r ep r e sen t ed  i n  terms of a  oxygen boundary l a y e r  and d i f f u s i o n  model, which 
i s  s i m i l a r  i n  many r e s p e c t s  t o  f i l m  theory .  However, t h e  r e c o g n i t i o n  t h a t  
t h e  E i l m  concept should b e  r ep l aced  by a  oxygen boundary l a y e r  concept 
p o i n t s  ou t  t h a t  t h e  boundary l a y e r  t h i cknes s  should be expected t o  vary  
w i th  bo th  mixing cond i t i ons  and Schmidt number. This  boundary l a y e r  
concept i s  suppor ted  by r e a e r a t i o n  exper iments  and by analogy between 
oxygen abso rp t i on  and o t h e r  mass and h e a t  t r a n s f e r  problems. Limited 
exper iments  i n d i c a t e  t h a t  t h e  d i f f u s i o n  c o e f f i c i e n t  i n  t h e  oxygen boundary 
l a y e r  o r  t u r b u l e n t  f i l m  is  approximately  equa l  t o  t h e  molecu la r  d i f f u s i v i t y  
f o r  low mixing cond i t i ons .  
It i s  p o s s i b l e  t o  use  a n a l y t i c a l  s o l u t i o n s  t o  t h e  v e r t i c a l  d i f f u s i o n  
equa t i on  t o  g a i n  some i n s i g h t  i n t o  t h e  d i s t r i b u t i o n  of oxygen concen t r a t i on  
t o  be expec ted  under v a r i o u s  cond i t i ons  and t o  a i d  i n  t h e  e v a l u a t i o n  of t h e  . 
r e l a t i v e  importance of v a r i o u s  f a c t o r s .  A n a l y t i c a l  s o l u t i o n s  s u b s t a n t i a t e  
t h e  well-known f a c t  t h a t  t h e  v e r t i c a l  d i s t r i b u t i o n  of oxygen is  e s s e n t i a l l y  
uniform i n  f lowing s t reams .  However, bottom d e p o s i t s  w i t h  h igh  BOD rates 
can cause s i g n i f i c a n t  d i f f e r e n c e s  of oxygen concen t r a t i on  i n  t h e  v e r t i c a l  
d i r e c t i o n s  dur ing  t h e  r e l a t i v e l y  s h o r t  t ime b e f o r e  t h e  wate r  becomes 
anaerob ic .  
The a n a l y t i c a l  s o l u t i o n s  p r e sen t ed  f o r  r e a e r a t i o n  w i t h  excess  
sodium s u l f i t e  appear  t o  b e  i n  g e n e r a l  agreement w i t h  d a t a  from t h e  
l i t e r a t u r e .  Apparently i t  i s  n o t  p o s s i b l e  t o  combine t h e s e  s o l u t i o n s  
w i th  measured abso rp t i on  r a t e s  i n  o r d e r  t o  c a l c u l a t e  t h e  t h i cknes s  of 
t h e  oxygen boundary l a y e r  o r  t u r b u l e n t  f i l m  when s u l f i t e  i s  p r e s e n t .  
A n a l y t i c a l  s o l u t i o n s  a r e  p resen ted  f o r  t h e  oxygen d i s t r i b u t i o n  
i n  t h e  t u r b u l e n t  f i l m  when BOD is  p r e s e n t ,  assuming t h e  BOD t o  b e  
homogeneously d i s t r i b u t e d  throughout t h e  wa t e r .  These s o l u t i o n s  i n d i c a t e  
f o r  normal c o n d i t i o n s  t h a t  t h e  BOD does  n o t  i n f l u e n c e  t h e  a b s o r p t i o n  r a t e  
of oxygen by s t e e p e n i n g  t h e  c o n c e n t r a t i o n  g r a d i e n t  a t  t h e  s u r f a c e .  However, 
t h e  a n a l y t i c a l  s o l u t i o n s  can n o t  show whether  t h e  BOD changes t h e  a b s o r p t i o n  
r a t e  by changing e i t h e r  t h e  f i l m  t h i c k n e s s  o r  t h e  d i f f u s i o n  c o e f f i c i e n t  i n  
t h e  f i l m .  
R e a e r a t i o n  exper iments  were  conducted i n  a  l a b o r a t o r y  mixing 
v e s s e l  w i t h  p l a i n  w a t e r ,  w i t h  s u l f i t e ,  and w i t h  BOD. The r e s u l t s  from t h e  
s u l f i t e  exper iments  were ex t remely  s c a t t e r e d  s o  t h a t  i t  i s  d i f f i c u l t  t o  
draw any f i r m  c o n c l u s i o n  o t h e r  t h a n  t h a t  t h e  s u l f i t e  caused K t o  i n c r e a s e  L 
by a  f a c t o r  of abou t  1 0  t o  1 7  as compared t o  p l a i n  w a t e r .  
With BOD, exper iments  were conducted a t  20°C and a t  2"-5°C. A t  
t h e  low tempera tu re ,  t h e  b i o l o g i c a l  a c t i v i t y  was e s s e n t i a l l y  z e r o  s o  t h e  
e f f e c t s  of t h e  p h y s i c a l  p resence  of t h e  organisms could  b e  e v a l u a t e d .  For 
b o t h  20°C and 2"-5"C, i t  was found from l i m i t e d  r e s u l t s  t h a t  KL was about  
1 . 5  t imes  g r e a t e r  than f o r  p u r e  w a t e r .  T h i s  s u g g e s t s  t h a t  t h e  i n c r e a s e  
was due t o  t h e  p h y s i c a l  p r e s e n c e  of t h e  organisms,  b u t  t h e  mechanism caus ing  
t h i s  change h a s  n o t  been i d e n t i f i e d .  
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